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G. H. Hardy,"#Gibbs
Lecture [1928]

Einstein, 11th Gibbs
Lecture [1934]

27" Gibbs Lecture [1951]
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al'he real argumentfor objectivismis
the following We know manygeneral
propositions about natural numbers
to be true (2 plus 2 is 4, there are
Infinitely many prime numbers, etc.)
and, for example, we believe that
D2 f R 0 doruikclide makessense,
must be either true or false without
there beinganyroom
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Classical Platonism vs. mathemati@tonism
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Hilbert: "The art of doing mathematics is finding that special
case that contains all the germs of generality.

Meta-Meno Paradox: Learning that learning is Impossible?

Why the detour through rational estimates?
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occurs spontaneously.

Karl Sigmund ilfhe Waltz of ReasgP023]. Socrates initially
talks, not about a square but about a rhombus.
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G. H. Hardy (1877947)

S. Ramanujafil8871920)

| rememberoncegoingto seehim
whenhewasill at Putney Ihad
riddenin taxi, calmumber1729 and
remarkedthat the numberseemed
to meratheradullone, andhat |
hopedit wasnot anunfavorable
omen

a b Zhéréplied it igavery
Interestingnumbery; it isthe
smallesnumberexpressiblas the
sumof two [positive] cubes itwo
differentways"

1729

Epistemology
Romantic Mysticism
or Mathematical
Realism?



Foreshadowing fractals the Foundations

a-b

X 2/ x average
1 2 15
1.5 1.33333333 1.41666667
1.41666667 141176471 1.41421569
b 141421569 141421144 1.41421356
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Fermat’s Disproof by Infinite Descent

Wr[N(x) » VyINi{y) A y < x = ~Fly)] — ~Flx)] = ¥x[N{x) = -F(x)]
Wr[N(x]) » Fix) =»3ylNiy) Ay <x A ~Fly)] = ¥x[N(x) = -Fix}]

The Babylonianclay tablet YBC7289 (c. 180@;1600

B.C) givesan approximationof the squareroot of 2

in four sexagesimafigures,1 24 51 10 = 1.414213

which is accurateto six decimal digits Photo by

author of areproductionfrom amuralinthe{ A Y2 y Qa
Center for Geometry and Physics, Stony Brook
University StonyBrook,NewY ork
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to be a subject only to be treated by those who are proficient in Greek. Mathematics, as a consequence, |
been treated by those who knew no logic. From the time of Aristotle and Euclid to the present century, thi
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Four Paradoxes

LIAR PARADOX
Epimenides the Cretan said, "All Cretans are liars™.

Did Epimenides speak truly?

CANTOR'S POWERSET THEOREM

Cantor asked, "Can any set be the universe V of all sets?”
Assume there’s a 1-1 onto map 2 ¥V — (V).

Consider D={x eV ||lx g fix}}

RUSSELL'S PARADOX
Russell asked Frege, "Does every condition specify a set?”
Consider B = {xlxe x}

BERRY PARADOX: "Does the specification “the least natural
number not specifiable in less than 100 characters’

specifiable in less than 100 characters?
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and discussed b8hagriy could complete infinitely
many steps in a finite amount of time ,,, g
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lan Stewart;A Partly True Stdty(signed Oct. 2023)

W’ MATHEMATICAL RECREATIONS

A Partly True Story

llow me to introduce myself: Epi-
Am‘-mm professional liar. Well,
that’s not quite true. M
is really Herman Fenderbender, a
work for a car insurance company. But
my friends at the Paradox Club call me
Epimenides, and when I'm with them, |
always lie.

Last Thursday it was raining, so I got
to the club a bit late. Socrates and Plato
were leaning against the bar, and next
to them was a chubby little fellow.

“This is our newest member, Luka-
siewicz," Plato chimed.

“Horrified to meet you," I said in dis-
gust. “My name's Zeno."

“He means he's delighted to meet
you, and his name is Epimenides,” Soc-
rates explained. “Epimenides always
tells lies.”

“That's not true,” I said. I opened my

Scientific Americar268 (Feb. 1993), 1102.

by Ian Stewart

wallet and took out my business card.
“This isn't my card,” I commented and
handed it over. Lukasiewicz read one
side of the card: The sentence on the
other side of this card is true. He turned
the card over and saw: The sentence on
the other side of this card is false.

“Socrates is right, however. I always
tell lies,” I boasted.

Lukasiewicz shook my hand warmly.
“It’s one third false that I'm pleased to
meet you, and both sides of your card
are half true.”

“Pardon?” I said.

“Lukasiewicz is interested in fuzzy
logic,” Plato explained.

“Instead of just the truth values 1
for a true statement and 0 for a false
statement,” Lukasiewicz said, “I am pre-
pared to consider half-truths with truth
value 0.5 or near-falsehoods with value

DIAGRAMS OF “ESCAPE TIME" (left) and a loglcal attractor
(right) were created to analyze a

0.1—in general, any number between 0
and 1."

“Why would anyone want to do
that?" I asked, bemused.

Lukasiewicz smiled. “Suppose I said
the club president looks like Charlie
Chaplin. Do you (hmk that's true?”

Of course no

“Not even his feet?” %

“Well, I guess they do rather—"

“So it's not completely false, either.”

“Well, he does look a bit like Chaplin.”

Lukasiewicz leaned toward me. He
had very penetrating eyes. “How much
like him?"

“Around 15 percent I'd say.”

“Good. Then my statement ‘the club
president looks like Charlie Chaplin' is
15 percent true. It has a truth value of
0.15 in fuzzy logic."

“That's just playing with words. It

esn't mean anything.”
_ukasiewicz grasped my arm. “Oh,
but it does. It helps to resolve paradox-
es. For i nce, you claim to be a com-
plete liar. Let’s think about your state-
ment ‘I am lying.” Or, more simply, ‘this
statement is false.' In classical logic, it
is a paradox, yes? If it is true, then it is
false; if it is false, then it is true. To put
it another way, you have a statement P
with truth value p, which is 0 or 1, and
P says the truth value of this sentence
isl-p”

“Sorry, I didn't quite get that.”

“Ah. If P is true, then its negation,
not-P, is false, and its truth value is
0. And conversely. Now, 1 -0 =1 and
1 -1 =0, so if the truth value of I’ is p,
then the truth value of not-Pis 1 -

ic. The illustrations above are based on the sentence “the as-
of thi

sessed

Such statements typically lead to ynradox&s in classical log-  assessed truth.”
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is not different from its

“Oh. I see.”

“Right. Now the problem is that ‘this
statement’ is P, so P is telling us that
the truth value of P is 1 - p. That's
where the paradox comes from. If p=
0,thenPtellsus thatp=1-0=1, And
if p=1, then P tells us that p=1-
1 = 0. Neither choice is consistent.”

I gave him a condescending smile.
“Luke, all you've done is reformulate in
complicated algebraic language what
was obvious all along.”

He smirked. “Maybe. But in fuzzy log-
ic, there is a consistent solution to the
equation p =1 - p, namely, p = 0.5. So
your claim to be a permanent liar is a
half-truth, and everything works out
fine. Your own statement leads inevita-
bly to fuzzy logic." Plato slapped him on
the back, and Socrates nearly knocked
his cocktail over laughing. My face went
red, but I saw the point.

“What about his business card?" Pla-
to asked. Lukasiewicz was about to
speak, but I stopped him. “Let me an-
swer that. Seems to me I have two
statements P and Q with truth values p
and gq. Moreover, P says Q is true, and

says P is false. So the corresponding
truth-value equations are

=gforP
q=1-pforQ.

Those make no sense if p and q can
only be 0 or 1, But there's a unique so-
lution in fuzzy logic: p=q=05. So
each side of my card is a half-truth,
and there's no paradox anymore.”

“Precisely,” Lukasiewicz said. “But it
goes further than that. What we've been

iscussing is the beginnings of a whole
new theory of dynamic logic, invented
by Gary Mar and Patrick Grim in the
department of philosophy of the State
University of New York at Stony Brook.
It provides a link between semantic
paradoxes and chaos theory.”

It was Socrates’ turn to look puzzled.

“Oh, wake up. You know what chaos
is. Simple deterministic dynamics lead-
ing to irregular, random-looking behav-
for. Butterfly effect. That stuff.”

“Of course, | know that,” Socrates
said in irritation. “No, it was the idea of
dynamic logic that was puzzling me.
How can logic be dynamic?"

Lukasiewicz looked surprised. “How
can it be anything else when discussing
self-referential statements? The state-
ment itself forces you to revise your es-
timate of its truth value. That revised
value has 1o be revised again and again.
Consider the Paradox of the Liar, your
statement P: 'this statement is false.'
Earlier | wrote an equation for its truth
value: p =1 - p. But what I should real-

ly have written was a process that forc-
es constant revision of your assessment
of its truth value, p« 1 - p. If you as-
sume that P has a particular truth-value
p, then P itself tells you to replace that
truth value by 1 - p. For example, if
you started out thinking that P was 30

percent true, so that p= 0.3, the revi-
sion rule implies that p = 0.7, which in
turn implies that p 3 again...and

you get an infinite sequence of truth
values, oscillating periodically between
the two values 0.3 and 0.7. The classi-
cal paradox, with p=0 or 1, leads to
the sequence 0, 1, 0, 1,...which faith-
fully reflects the logical argument if P
is false, then P is true, so P is false, so
P is true, so.... The logical oscillations
of the paradox are captured by the dy-
namics of the truth value."

“And p=0.5 is the only value that
doesn't lead to an oscillation,” Plato
mused.

“Precisely. Now, the Dualist Paradox
on your business card is really a logical
dynamic;

pPeq
qe1-p.

Suppose you start out by estimating
p=0.3, g= 0.8. Then your first revision
is to p= 0.8, g=0.7. A further revision
leads to p 7, q= 0.2, a third to p

0.2, g=0.3. A fourth revision gives p =
0.3, g = 0.8, and you're back where you
started. It cycles with period four—un-
less you start at p = 0.5, g = 0.5, when
everything stays unchanged.”

“Okay, I'll buy that," I %ald *“But what
about the chaos?"

Lukasiewicz's face went very serious.
“Before I can explain that, | must be
more precise,” he said. “If you want to
play around with these ideas for your-
self, I'd better tell you how to calculate
fuzzy truth values for combinations of
logical statements [see box at right). Al-
though all you really need to know at
the moment is that not-P has truth val-
ue 1 - pif P has truth value p. Second,
you must know how to a s the truth
value of statements about statements.”

“I'd like an example,” Socrates said.

“Okay. Suppose | said Plato is a
good golfer. How true do you think
that is?"

“Ooohhh~—about 40 percent,” Socra-
tes said. Plato gave him a nasty look.
“Well, Epimenides usually beats you,
and he's pretty mediocre.” | gave him
an even nastier look.

“Fine. Let's call that statement S. It
has a truth value 0.4. Suppose |
make a statement about the statement
S. Suppose I utter statement T: ‘S is 10()

Fuzzy Logic

n classical logic, a statement

has a truth value of either 1
for true or O for false. The state-
ment “the sun is shining” has a
truth value of 0 if it is cloudy. In
general, statement P has a truth
value p equal to 1 or 0. In fuz-
2y logic, a statement can have a
truth value of between 1 and 0. If
a cloud obscures a quarter of the
sun, then statement P has a value
0f 0.25.

In fuzzy logic, like the classical
theory, the truth value of a state-
ment will change when applying
the operators NOT, AND, OR, IM-
PLIES and IF AND ONLY IF.

NOT-P has a truth value of 1 -p.
EXAMPLE: If the sun is shining
with a truth value of 0.25, then
the sun is NOT shining with a
truth value of 0.75.

P AND Q has a truth value equal
to the lesser of p and g where ¢
is the truth value of statement Q.
EXAMPLE: The sun is shining with
a truth value of 0.25, AND Jane
is getting tan with a truth value
of 0.10.

The value of the example is 0.10.

P OR Q has a truth value equal to
the greater of pand q.

EXAMPLE: The sun is shining with
a truth value of 0.25, OR Jane
is getting tan with a truth value
of 0.10.

The value of the example is 0.25.

P IMPLIES Q has a truth value
equal to the lesser of 1 and
1-p+q.

EXAMPLE: If the sun is shining
with a truth value of 0.25, then
Jane is getting tan with a truth
value of 0.10.

The value of the example is 0.85.

P IF AND ONLY IF Q has a truth
value equal to | -| p-q|, that
fs, one minus the absolute value
of pminus q.

EXAMPLE: The sun is shining with
a truth value of 0.25 IF AND
ONLY IF Jane is getting tan with a
truth value of 0.10.

The value of the example is 0.85.

percent true.” How true is
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Jan von Plato

Can Mathematics

Be Proved

Consistent?

LN Cuol
&) Springer

September 7, 1930 on the last day of tecondTagungftr
Erkenntnislehreler exaktenWissenschaftem Konigsberg, Godel:
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mathematics, even give examples of propositions (and in
fact of the kind of Goldbach and Fermat) that really are
contentuallytrue but are unprovable in the formal system
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of German Natural Scientists and Physicians:
Wir missenwissenwir werdenwissean!
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achieved a result that seems to me to be remarkable,
namely, | was able to show that the consistency of
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Provabllity Logic

Gédel [19330]

(T) Cp = g 1. ae|{loae) fixed-point theorem
(K) Dl{g =+ w) = (L — D) 2. Oa-s 008>« necessitation, (K]

3. Ua—(00s — O necessitation, (K]
[d} D{F - DD{P 4. Oa— OO0 {4}

5 Oa—Dle Ch, 3, 4 MP
Henkin [1952]: 6. Oa—oe using = Ce = @
s the positive Godel sentence provable? 7. (Ua—sg)l—oa 1, BC

8 a 6, 7 MP

o, [ B, itatio
Martin Léb [1955]00 0 o comp

(L) DLy — p) = U



2nd Incompleteness ComsisiPA= ~0O1=2 — ~0OG FIRST INCOMPLETERESS THM
F

Theore m [ixed-point theorem

The hope of finding dXa proof for
freedomfrom contradictionundertaken
by Hilbert and his RA & OAHa#f S4a¢ Y

& I vy hentke®y B view of some G

recently discoveredfacts It can be

shown quite generallythat there can O~01=2 =» OG Axiom (K)
exist no proof of the freedom of
Cor_‘tradiCtion of a formal system S FIRST INCOMPLETENESS THM
which could be expressedn terms of

the formal systemSitself X £ ~Ul=2=~L-1=1

6 @ ¢ feSent situation in the foundations of v
YI 0 KSY [*10336), &GEWMII, 52). Cambridge

Massachusettdnvited lecture to joint meeting of O1=2
the MathematicalAssociatiorof Americaandthe
AmericarMathematicalSociety

SECOND INCOMPLETENESS THEOREM: CONS[(PA) — ~ L1 CONS(PA).
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the realm of pure mathematics)
Infinitely surpassed the power of any
finite machine, or else there exists

absolutely unsolvable Diophantine
LINEOEf SYaX® a
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Intellectual Honesty
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discussion is that our axioms, if interpreted as meaningful
statements,necessarily presuppose a kind of

Platonism, which cannot satisfy any critical mind and
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which does not even produce the conviction that N 3 ".'.'.;_::‘... ES
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(B&vL[2012], 652ff.)



ChurchTuring Thesis

COMPUTABILITY

Tering, Gidel, Church, and Beyond

GOdel,Princetonlecture [194€ that 4 (i g&timportance
of the conceptof generalrecursivenesgor ¢ dzNJAcghip @ability)X.

is largelydueto the factthat With this conceptone hasfor
the first time succeededin giving an absolute

definition of an interesting epistemologicahotion,
l.e., onenot dependingon the formalismchosen. . . Forthe concept
of computability, however, although it is merely a specialkind of

demonstrabilityor decidabilitythe situationis different By a Kind
of miracleit is not necessanyto distinguishorders,
and the diagonalproceduredoesnot lead outside
the definednotiong [Gadel,CWII, p.150]




Turing[1936/7] TMs are Abstract Objects

ON COMPUTABELE NUMBERS, WITH AN APPLICATION TO . .
THE ENTSCHEIDUNGSPROBLEM Turing’s Halting Problem:

By A M. Tonrxe.
1 if P(#P) does not halt

{Becanal 15 Ny, 1930 —Kesd 12 Noventer, 1085 ] H (#P) = {

The *“computable” numbers may be deseribed beiefly as the reul 0 if P(#P) does halt
numbers whose expressions as A devimal am caleulabde by finite meons.
Although the suliject of this paper Is astensobly the computable sumbers.

it is nlnwcat equally essy to define and investigate compatable fanctions

of an integral varable ar & real or computable vasable, computable {‘ill'{1} {ﬁ{fﬁ} {Mi} ':Md}
peedicates, and so forth. The fundamental peoblems involved are, A T@';‘Lﬂ ey ! lrﬁjﬁ'ﬂb
however, the same in each caae. mnd [ Bave chosen the compatablo numborn

foe explicit treatment o8 imvolving the kesst cumbrons technsgue. 1 hope M @&E at Mﬂﬁp!‘ ME{:EP']&]— .
shortly to give an account of the relations of the computable numbers, ="~ ~" "~" ﬂrf 'F'EEE%I o 'E{!tl

Fangtians, and an focth to one ancther,  This wi3ll inclode o development

uf the theoey of fusctions of & real varisbie exprssad in teems of com M
patable numbers.  According to my definition, a number s computable o
if itx dlocimald can be written dovn by s machine, ~ s S O3 L . -

-




EBERHARD KARLS

UNIVERSITAT
TUBINGEN

G¢KS fAIKGI R20USE Ay FTNBS FtAIrKH Odibdhx
which it feels, could get the idea that it could do even better in airle /“;
space. Likewise, Plato abandoned the world of the senses becaus =& ¢
so many hindrances for the understanding and dared to go beyonc kg/
0KS gAy3Ia 2F UKS ARSFaAX Ay (K:

¢@ IMMANUELKaNT, Critique of Pure Reasf#v 81, 1787]

Platonism without computationalism is epistemologically blind;
Computationalism withoytlatonismis theoretically empty.

x DI RSt Qa LiNRB&EiFdmAR (KRS GA OQa
Theorems to the need to search for new of infinitydrset
theoryt is a defense of thautonomyof philosophy.

x ¢KS adzyNBl azyloftS STFSOUADSYySas *.dzNJ’\)/E
a posteriorprocesses from Algorithms playing chess to painting
the ZS 6 NI Qar prdvieNtheddplidabilityof philosophy.
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OTi me has no specific character of bei
relation is like far and near in space. | do not believe in the objectivity of
time. The concept of Now never occurs in science itself, and science is
supposed to be concerned with all that

The introductory paragraph for his essay for Einstein [1949a]:

“One of the most interesting aspects of relativity theory for
the philosophical-minded consists in the fact that it gave
new and surprising insights into the nature of time, of that
mysterious and seemingly self-contradictory® being which,
on the other hand, seems to form the basis of the world
and our existence.
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Time is objective <=  Ordering of moments of Time is Total:

Irrcﬁcrr'm: Tre-r<x

Transitive  Wrxyz(xr<y<z-—x<z)
Connected  Vxyixsy—x<y v y<x)

What modal axiom connects modality with actuality?

Ne wois Octobar 19, 1946 NATURE

LETTERS TO THE EDITORS

The Editors do not hold themesdloes responaible
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McTaggart [1908] in “The Unreality of Time”:

“If one of the determinations past, present and future can ever be applied to [an event] then one of them has
always been and always will be applicable, though of course not always the same one.”

4P - H(OPVvPv 6P Connectedness of the past

4P — []eP Transitivity of “earlier than”

OP — WOP Transitivity of “later than”

OP —=L(OP v Pv 6P) Connectedness of the future
McTaggart’s Argument:

(M1)  If time is real, then time is dynamic and hence is an A-series.

(M2)  However, there can be no A-series because the A-series conception is logically inconsistent.
(A1) According to the A-series conception, events can have the A-series properties of being
future, present, and past;

(A2) but these A-series properties are mutually exclusive.

(M3) .. Time is unreal.

J M. E. McTaggart
(18661 1925)

G. E. Edward Moore
(18731 1958)

Bertrand Russell
(18721 1970)
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miracle: he has gained 18 pounds, is in best shape,
sparkling conversation. Lots about politics but

then about his ontological proofhe had the

result several years ago, is now happy with it but
hesitates over publishing it. It would be concluded
that he really believes in God, whereas he is only
undertaking a logical investigatiare(,he shows

that such a proof, appropriately axiomatized, is
possible under classical assumptiomerfections,
etc). | joked that he should use a pseudonym

but he has already told Hempel and Scott about it
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GODEL AX. 1

“The conjunction of positive properties is positive.”
GODEL AX.2

Scott’s Formulation [1970]

Anderson’s Emendation [1990]

Anderson & Getting Emendation [1996]

GODEL DEF. 1
“A being is god-like iff it has all positive properties.”

GODEL DEF. 2

SCOTT'S AMENDMENT

“¢ is an essence of x iff x has ¢ and

x has any property necessarily entailed by ¢"

GODEL AX. 3
“A positive (non-positive) property is
necessarily positive (non-positive).”

Godel note: “ O 3xGx means the system of all positive
properties is compatible....”

P(G), i.e., god-likeness is positive AX.5

G(x) > 0O3xGx  Tum2.
- OGx » ©03xGx

P(e) A P(y) = P(o A y)

P(o) v P(~¢)
P(¢) & ~P(~9)
P(¢) > ~P(~9)

~ [P(Lg) &> P(~ Llg)]

Gx & OVo[P(p) — ox]
@ ESS x ¢ 9(x) A [BVx(px = yx) = yx]

P(p) — OP(o)
~P(p) = U~P(p)

P(e) A OVx(px = yx) > Py
O3xGx

THM 1. Gx - GESS x
god-likeness is the essence of
anything god-like

o y

N\
™
\\/

There exists a (unique) god-like being.  Tum3.  3xGx A O3xGx

Gadel footnote: “And for any number of summands”

L

Gadel note: “exclusive ‘or
“A property is positive if and only if its negation is not positive.”
“The negation of a positive property is not positive.”

“Exactly one of ‘being necessarily ¢’ and 'not being necessarily ¢’
is positive.”

Godel note: “God”

Godel notebooks: “For this is it required that all the properties of
God are defined by a second-order property” GCW-III, 431

Godel note: “Essence of x”;
Gadel footnote: “any two essences of x are necessarily
equivalent”

Godel: “because it follows from the nature of the property”
Gadel notebook: “That the necessity of a positive property is
positive is the essential presupposition of the ontological proof.”
(GCW-I11, 435)

“Anything entailed by a positive property is positive.”

Ex & Vo [¢ ESS x = [3xex]

Der.3  Godel: "necessary Existence)
“Something has necessary existence iff every essence of
x is necessarily instantiated.”

Ax.4 P(E), “Necessary existence is positive”
- <0 03xGx » O3xCx, S5

It is necessary that here exists a (unique) god-like being.
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Two Concepts of Proof

Automating Gddel’s Ontological Proof of God’s Existence
with Higher-order Automated Theorem Provers

Christoph Benzmiiller' and Bruno Woltzenlogel Paleo’

Abstract.  Kurt Godel’s ontological argument for God’s existence
has been formalized and automated on a computer with higher-order
automated theorem provers. From Gédel's premises, the computer
proved: necessarily, there exists God. On the other hand, the theorem
provers have also confirmed prominent criticism on Gédel’s ontolog-
ical argument, and they found some new results about it.

The background theory of the work presented here offers a novel

ive towards a theoretical phil

1 INTRODUCTION

Kurt Gédel proposed an argumentation formalism to prove the ex-
istence of God [23, 30]. Attempts to prove the existence (or non-
existence) of God by means of abstract, ontological arguments are
an old tradition in western philosophy. Before Godel, several promi-
nent philosophers, including St. Anselm of Canterbury, Descartes
and Leibniz, have presented similar arguments. Moreover, there is
an impressive body of recent and ongoing work (cf. [31, 19, 18] and
the references therein). Ontological arguments, for or against the ex-
istence of God, illustrate well an essential aspect of metaphysics:
some (necessary) facts for our existing world are deduced by purely
a priori, analytical means from some abstract definitions and axioms.

What motivated Gadel as a logician was the question, whether it
is possible to deduce the existence of God from a small number of
foundational (but debatable) axioms and definitions, with a mathe-
matically precise, formal argumentation chain in a well defined logic.

In theoretical philosophy, formal logical confrontations with such
ontological arguments had been so far (mainly) limited to paper and
pen. Up to now, the use of computers was prevented, because the
logics of the available theorem proving systems were not expressive
enough to formalize the abstract concepts adequately. Godel's proof
uses, for example, a complex higher-order modal logic (HOML)
to handle concepts such as possibility and necessity and to support
quantification over individuals and propertics.

Current works [10, 9] of the first author and Paulson illustrate that
many expressive logics, including quantified (multi-)modal logics,
can be embedded into the classical higher-order logic (HOL), which
can thus be seen as a universal logic [6]. For this universal logic,
efficient automated theorem provers have been developed in recent
years, and these systems were now employed in our work.

Gidel defines God (see Fig. 1) as a being who possesses all pos-
itive properties. He does not extensively discuss what positive prop-
erties are, but instead he states a few reasonable (but debatable) ax-

! Freie Universitit Berlin, Germany, email: c.benzmueller@fu-berlin de; this
author has been supported by the German National Research Foundation
(DFG) under grants BE 2501/9-1 and BE 2501/11-1

2 Technical University Vienna, Austria, email: bruno@logic.at

Al Either a property or its negation is positive, but not both:
Y[P(=¢) = ~P(¢)]
A2 A property necessarily implied by a positive property is posi-
tive: YVYI(P($) A OVx[p(x) D Y(x)) > P(H)]
TI Positive properties are possibly exemplified:
VOIP(¢) > 03xg(x)]
DI A God-like being possesses all positive properties:
G(x) = V4[P(¢) D $(x)]
A3 The property of being God-like is positive: P(G)
C  Possibly, God exists: ©3AxG(x)
A4 Positive properties are necessarily positive:
VLP($) > 0 P(9)]
D2 An essence of an individual is a property possessed by it and
necessarily implying any of its properties:
= ¢(x) AVY((x) > OVy(4(y) 2 Y())
T2 Being God-like is an essence of any God-like being:
Vx[G(x) D G ess. x]
D3 Necessary existence of an individ. is the necessary exemplifi-
cation of all its essences:  NE(x) = V@[ ess. x > 0yd(y)]
AS Necessary existence is a positive property: P(NE)
T3 Necessarily, God exis! 03xG(x)

Figure L. Scoit’s version of Godel's ontological argument [30].

ioms that they should satisfy. Various slightly different versions of
axioms and definitions have been considered by Gidel and by several
philosophers who commented on his proof (cf. [31, 3,2, 19, 1, 18]).
The overall idea of Gddel’s proof is in the tradition of Anselm’s
argument, who defined God as some entity of which nothing greater
can be conceived. Anselm argued that existence in the actual world
‘would make such an assumed being even greater; hence, by definition
God must exist. Godel's ontological argument is clearly related to
this reasoning pattern. However, it also tries to fix some fundamental
weaknesses in Anselm’s work. For example, Godel explicitly proves
that God’s existence is possible, which has been a basic assumption
of Anselm. Because of this, Anselm’s argument has been criticized as
incomplete by Leibniz. Leibniz instead claimed that the assumption
should be derivable from the definition of God as a perfect being and
from the notion of perfection. Gédel’s proof addresses this critique,
and it also addresses the critique of others, including Kant’s objection
that existence should not be treated as a predicate. On the other hand,
Gaodel's work still leaves room for criticism, in particul i
so strong that they imply modal collapse, th i
contingent truths and necessary truths coincide. More information on
the philosophical debate on Godels proof is provided in [31].

Proceedings of the Twenty-Fifth International Joint Conference on Artificial Intelligence (IJCAI-16)

The Inconsistency in Godel’s Ontological Argument:
A Success Story for Al in Metaphysics

Christoph Benzmiiller*
Freie Universitiit Berlin & Stanford University
c.benzmueller@ gmail.com

Abstract

This paper discusses the discovery of the incon-
sistency in Godel's ontological argument as a suc-
cess story for artificial intelligence. Despite the
popularity of the argument since the appearance
of Godel's manuscript in the early 1970's, the in-
consistency of the axioms used in the ary
mained unnoticed until 2013, when it was detected
automaticallv hv the hisher-order theorem nrover

Bruno Woltzenlogel Paleo
Australian National University
bruno.wp@gmail.com

on the proof [Fuhrmann, 2016]

The in-depth analysis presented here substantially extends
previous computer- d studies of Gadel's ontological
argument.  Similarly io the relaied work [Benzmiiller and
Woltzenlogel-Paleo, 2013a; 2014] the analysis has been con-
ducted with automated theorem provers for classical higher-
order logic (HOL: cf. [Andrews, 2014] and the refere
therein), even though Gédel’s proof is actually formulated
in higher-order modal logic (HOML; cf. [Muskens, 2006]

6.1.8. My incompletenesgheorem makesl
likely that mind is not mechanical,or else
mind cannotunderstandits own mechanism
If my result is taken together with the
rationalistic attitude which Hilbert had and
which was not refuted by my results, then
[we caninfer] the sharpresult that mind is
not mechanical Thisis so because if the
mind were a machine,there would, contrary
to the rationalistic attitude , exist number
theoretical questions undecidable for the
humanmind. (Wang[1994, 6.1.8, 186-7.

TRENDS IN LOGIC - STUDIA LOGICA LIBRARY

GODELS THEOREM
AN INCU;\ITII‘H GUIDE
TO ITS USE AND ABUSE

Types, Tableaus,
and Godel’s God

KEL FRANZEN

GODE[’s
DISJUNCTION
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Melvin Fitting

What makes a Rational Interstellar Elegant proof?

{1} Formal spntocticol dervation vs. Ratlonal intuitive proof
{A&] HieerT PFrosram: formalist mechanistic “decision procedures”
(B} GopeL Prosram: Intuitive creative “search for new axiomns”
(€} Godel Disjunction: Modus Tollendo Ponens

{2} Conceptual map or “constellation of ideas”
(A miomatized “mathematicalby®
(B} defined with “informal rigour”
{€) confirmed with a network of derivations

{3} Elegamce, beauty, "oha!” factor
{&] memorability —rational reconstructiBility
(4] compoctness—minimal width & maximal depth
{5) pheromenclogy—succinct, symmetrical, delight or surprise
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1. "The world is rational.”
2. "There is incomparably more knowable g priori than is currently

known.”

3. Logic, mathematics, physics reveal the structure of the world.

4. Mechanistic formal systems cannot be the cause of rationality
because mathematical logic can prove their incopmpleteness.

5. Either the mind transcends formal systems or there are absolutely
unsolvable mathematical problems.

6. If relativity reveals the possible structures of time, then time is not
objectively real.

7. The only sufficient reason {or "First Cause”) of the objective
existence and beautiful of mathematics is an infinite mind with all
perfections.
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& _ , Beauty, and Goodness.
g HIGHER FORMS UNDERSTANDING g
% """""""""""""""""""""""""""""""""""""" z A Even if we do not see the Sun directly we know
é VATHEMATICAL REASON t?: It exists because by its light we see all else.
Z FORMS -
AWdzZt ASG YSYYSRé wHnnye8y
NSIBLE SERCEPTION a thesis abqut the pursuit of under§tanding; not
PARTICULARS F2NJ AlUa 2 0 y a l 1 S 2 0 dzu 0]
E _______________________________________________________ § understanding we exercise our connection to
7 Z 0 KS 3I22ROE
; IMAGES IMAGINATION %
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whether he had accomplished anything and is wife was very sick. At some point in this
period, everything suddenly became clear to Husserl, and he did arrive at some absolut
knowledge. But one cannot transfer absolute knowledge to somebody else; therefore, o
cannot publish it. A lecture on the nature of time also came during this period when
| dz2a SN Q&4 SELISNASYOS 2F aSSAy3 | 642t dzi
such an experience. For me, there is no absolute knowledge: everything goes only by

probability. Both Descartes and Schelling explicitly reported an experience of sudden
AftdzYAylFrdA2y ¢gKSyYy (KSe& o6S3aly G2 aSS SO
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written several decades later to Siskatelgundigl am indebted to Anthony Steinbach for this reference):

aL lfaz o6Fyld oKIG GKS OK dantBtssaMy ik 6 o Yy tdidd this BrouBh pKildsdpl
Everything that | have written up to now is only preparatory; it is only a developfudsiig]leh of methods. In the

O2dzNBS 2F 2ySQa fAFST 2yS dzyF2Nldzyl §Sfte R2Sa yz2io
be led out of liberalism and rationalism, and to be led once more to what is essential, to truth. The question cong
dzf GAYIFI OGS NBFfAGEYT GNMziKXZ Ydzad oS GKS 202S0G 27F S



|dolatry, the desire for absolute good

and beauty leads one "out of the cave" oRel 1 gl ons
most part, bado but
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consistent, and the Devil exists
AAYyO0S 4SS Ol yy?2
T ANDRE WEIL (6 May 1906 Aug. 1998

a ! gkperimentalontologicalproof | have not
the principleof risingin me. | cannotclimbto
heaventhroughthe air. It is only by directingmy
thought toward somethingbetter than myself
that | am drawn upward by this something If |
am really raised up, this somethingis real No
imaginaryperfectioncandraw me upwardeven
by the fractionof aninché
@ SMONEWEIL (1909¢ 1943)
Gravity and Gracd 952]
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In its entirety and does not chamgeinlike the Milky Way.
That part of it of which we have a perfect view seems
beautiful suggesting harmony; that is that all the parts fit
together although we see fragments of them only.

Inductive inference is not like mathematical reasoning: it is
based on equality or uniformity. But mathematics is applied
to the real world and has proved fruitful. This suggests that
the mathematical and empirical parts are in harmony and
that the real world is also beautiful.

Otherwise, mathematics would be just an ornament and the
real world would be like an ugly body in beautiful clothing.
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Professor Gary Mar

Stony Brook University December 5, 202%:6delFreundkreis
Stony Brook, New York, USA Bamberg University, Germany
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488 IN MEMORIAM: ALONZ0 CHURCH

Church died in Hudson on August 11, 1995. Following services at the the
University Chapel at Princeton University, he was buried in the Princeton
Cemetery. In addition to his son, he is survived by two daughters, Mary
Ann Addison and Mildred Dandridge, and by eight grandchildren and two
great-grandchildren,

His “academic offspring” are of course his doctoral students. They form
a distinguished list indeed:

1931  Alfred L. Foster 1959 Aubert Daigneault
1934 Stephen C, Kleene 1959 Raymond Smullyan
1934 J. Barkley Rosser 1960 Robert W. Ritchie
1938 Alan M. Turing 1961  James R. Guard
1944 Enrique Bustamente-Llaca 1962 James Bennett

1947 Leon Henkin 1962 Robert O. Winder
1949 John G. Kemeny 1963 Wayne H. Richter
1950 Martin D, Davis 1963  Gustav B. Henscl
1951 Maurice L'Abbé 1964 Peter Andrews

1952 William W. Boone 1964 William B. Easton
1952 Hartley Rogers, Jr. 1965 Joel W. Robbin

1955 Norman Shapiro 1967 Donald J, Collins
1956 T Thacher Robinsen 1976 Richard J, {Isaac) Malitz
1957 Michael O. Rabin 1977 €. Anthony Anderson
1958 Dana Scott 1985 GaryR. Mar

1959 8imon Kochen

Church was elected to the National Academy of Sciencesin 1978. He wasa
corresponding member of the British Academy, and a member of the Amer-
ican Academy of Arts and Sciences. He received honorary doctorates from
Case Western Reserve (196%), Princeton (1985), and the State University of
New York at Buffalo {19%0).

An edition of Church’s collected papers is planned. It will include a com-
plete bibliography of his publications: not only the books and the research
articles, but the numerous reviews {some of which were very influentiat) and
his expository encyclopedia articles.

H. B. ENDERTON

(1936 2010)
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G ¢tRe extent that one wishesto referto D1 R SPiatOrism,
his remarks here may say something important about his
notion of it, somethingwhich has perhapsbeen forgotten in
the presentdayliterature on D | R Si$e & dhe term. Namely,
for Godel,at the end of the day, literally, Platonismis a thesis
about the pursuit of understanding not for its own sake,but
because& and this is certainlythe very heart of Platonisnmt by
pursuing understandingwe exercise our connection to the
good Ourintellectualaspirationsandintellectualachievements

“are nothing other than moral aspirations and moral

achievements
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ground state hyperfine splitting

operator ~ photon

The ABCs of QUANTUM MECHANICS

SNAItAaAaY Aa

Tl

One of Gédel’s 14 propositions is that “materialism is false”. Godel's conceptual
realism is inconsistent with materialism, but so is Turing’s affirmation of naturalism.
In March 1554 shortly before his death, Turing sent Robin Gandy, his sole Ph.D.
student, four postcards entitled “Messages from the Unseen World” (alluding to
Eddington’s 1929 lecture “Science and the Unseen World™).

At the time Turing was investigating how nature could produce non-computational
ocutcomes, e.g., how the Zebra’s stripes could be generated by differential
equations. On one of these “Messages from the Unseen World”, Turing wrote:

“I'm trying to invent a new Quantum Mechanics, but it won't really work.”

The world will never know what Turing might have found, for three months later on
June 7, Turing died with a cyanide-laced apple by his bedside.

Turing was committed to naturalism, not necessarily materialism. Naturalism, or the
commitment to the fundamental entities of the currently best scientific theory of
the physical world, implies “action at a distance”, which is inconsistent with
materialism. Therefore, if either platonism or computationalism is true, then
rmaterialism is false.
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regarded rather schematically as the
exercise of a combination of two 7 8

faculties*, which we may catituition
andingenuity
2+ 3=5tens

CdzNA YIS a{eaiasSyvya 2F [23A0 .l &aSR 2y hNRAYIf &a¢ wmop
Section 11[Cooper & Van Leeuwen [2013], 38]
7 X8=50+6=D56



