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Some basic notions

For a given language/system £, we mean

€ to be the set of all over £

H C € to be the set of all over [

S C € to be the set of all over £

P C S to be the set of all over £
R C 8§ to be the set of all over £

J C S to be the set of all over ([
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Peano Arithmetic

Let £ be the language of over alphabet
>=140,S +,-, <}.We have

dx(2<x), 1+1 (y+x)=3 2<x €
2<Xx€
dx(2 < x) €

For predicate H = 2 < x we write
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Expressibility in £

Let n € N, H a predicate, we say if H(n) is a true
sentence.
Set A€ Nis by H iff

VheN: Hnh)eT&eneA

Alis in £ if there is some predicate Hy of £, s.t. Ais

expressed by Hp.

In PAset A= {0, 1} is expressed by Hy = x < 2.
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Correctness of £

Lisa language if
PcCT
TNR=40

Correctness is stronger than consistency:

L S Vses§: = (SePASeR)
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Godel numbering

Given an injective function g: € — N and expression E € € we call

3(E)
the of Eand g a for language L.
We have seen Godel numberings as , e.g. of Turing
Machines.
(TM) = g(T™M)
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Godel numbering

For Peano Arithmetic with extended alphabet
=2XU{—, A, —, 3, x (,)} we can define a suitable g as follows:

Assign each o € [" a number:
0 S + « <|= A =>]3]|x ()
01 2 3 4[5 6 7/(8|9 A B

Create E’ by substituting every symbol by its assighed number.

the Godel number of E is the number whose base 12
representation is E’.
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Godel numbering

g(1<x)=g((50) <x)

(50) < x — A10B49

s(1<x)=10-122+1-12*+0-122 + 11- 122 + 4. 12" + 9. 12°
= A10B491, = 25106979
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Diagonalisation

Let E,, be the unique expression, s.t. g(E,) = n.
We call E,(n) the of E,, and

d: N> N, d(n)=g(E,(n)

the

E,(n) is true iff E, is satisfied by its own Gédel number n.
d(n) is the Godel number of sentence E,(n).
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A* and A

Foranyset A C N, let A* be the of A under d:
neN: neA* &d(n)eA
For any set A C N, let A be the of A:

A=N\A
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Little Godel

For a given language L, let P = {n| S € P : g(S) = n}

be the set of Godel numbers of all

If set is expressible in £ and L is correct, then there is a true
sentence of £ which is not provable in L.
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Little Godel - Proof |

Let H be the predicate that expresses P*. Let h be the Gddel number

of H.
Since H expresses p* ,foranyn € N:

H(n) true & neP”
And thus:

H(h) true & heP”
< dh) eP&<d(h) €P
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Little Godel - Proof Il

Note that d(h) = g(H(h)), so by definition of P we get
d(h) € P < H(h) provable
and thus
H(h) true < d(h) € P < H(h) not provable

H(h) is false and provable. Contradiction by correctness of L.
H(h) is true and not provable. N
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Godel’s Incompleteness Theorem |

Any consistent formal system L that has a certain expressivity is
incomplete.

Godel used so-called which is stronger than
consistency.
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Godel’s Incompleteness Theorem Il

No formal system £ can be consistent and prove its own consistency.
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Thank you for your attention!

Questions?



Godel’s Incompleteness Theorem |

Statement according to Godel:
Zu jeder w -widerspruchsfreien rekursiven Klasse k von
Formeln gibt es rekursive Klassenzeichen r , so dafs weder
v Gen r noch Neg(v Gen r) zu Flg(«) gehért (wobei v die
freie Variable aus r ist).

For any w -consistent recursive class k of formulae, there
are recursive class-signs r , s.t. neither v Gen r nor
Neg(v Gen r) belong to FIg(k) (where v is the free variable

of r ).
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Godel’s Incompleteness Theorem Il

Statement according to Godel:
Sei k eine beliebige rekursive widerspruchsfreie Klasse von
Formeln, dann gilt: Die Satzformel, welche besagt, daf3 k
widerspruchsfrei ist, ist nicht k -beweisbar; insbesondere
ist die Widerspruchsfreiheit von P in P unbeweisbar,
vorausgesetzt, daf3 P widerspruchsfrei ist |[...].

If K be a given recursive, consistent class of formulae, then
the propositional formula which states that k is consistent
is not K -provable; in particular, the consistency of P is

unprovable in P, it being assumed that P is consistent [...].
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