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Presentation Outline

A Ontological Argument of Gödel & Scott on the Computer
I Recap of Methodology and Main Findings

B Relevant Notions for this Talk:
I Intension vs. extension of properties (philosophy of language)
I Ultrafilter (mathematics)

C Comparative Analysis on the Computer:
I Gödel/Scott (1972) variant
I Anderson’s (1990) variant
I Fitting’s (2002) variant

D Discussion: Metaphysics, Mathematics and Reality

C. Benzmüller & D. Fuenmayor, 2018



Part A
— Computational Metaphysics (recap) —

Ontological Argument by Gödel & Scott on the Computer
Related work:

I Ed Zalta (& co) with PROVER9 at Stanford [AJP 2011, CADE 2015]
I John Rushby with PVS at SRI [CAV-WS 2013, JAL 2018]
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Computational Metaphysics: Kurt Gödel’s Ontological Argument (1970)
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Computational Metaphysics: Kurt Gödel’s Ontological Argument (1970)

Notion of “Godlike”:

I Being Godlike is equivalent to having all positive properties.

Note: this definition is “second-order”.
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Computational Metaphysics: Kurt Gödel’s Ontological Argument (1970)

In the end we prove

I Necessarily (N), there exists God.

Note: we need to formalize “necessity” and “possibility”.
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Computational Metaphysics: Gödel’s (1970) and Scott’s Variants (1972)
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Computational Metaphysics: Gödel’s (1970) and Scott’s Variants (1972)

(Main) Difference between Gödel and Scott

Gödel: Property E is essence of x iff all of x’s properties are entailed by E.

Scott: Property E is essence of x iff x has E and all of x’s properties are entailed by E.
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(Higher-Order) Modal Logic

�P

P is necessary, P is obligatory, P is known/believed, . . .

^P

P is possible, P is permissible, P is epistemically/doxastic. possible, . . .

� and ^ are not truth-functional

Higher-Order Logic can be extended by �P and ^P
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(Higher-Order) Modal Logics: Kripke-style Semantics - Possible Worlds
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Computational Metaphysics: Scott’s and Gödel’s Variants — Demo

Axiom Either a property or its negation is positive, but not both: ∀φ[P(¬φ)↔ ¬P(φ)]

Axiom A property necessarily implied by a positive property is positive:
∀φ∀ψ[(P(φ) ∧ �∀x[φ(x)→ ψ(x)])→ P(ψ)]

Thm. Positive properties are possibly exemplified: ∀φ[P(φ)→ ^∃xφ(x)]

Def. A Godlike being possesses all positive properties: G(x)↔ ∀φ[P(φ)→ φ(x)]

Axiom The property of being Godlike is positive: P(G)

Cor. Possibly, God exists: ^∃xG(x)

Axiom Positive properties are necessarily positive: ∀φ[P(φ)→ �P(φ)]

Def. An essence of an individual is a property possessed by it and necessarily implying
any of its properties: φ ess. x↔ φ(x) ∧ ∀ψ(ψ(x)→ �∀y(φ(y)→ ψ(y)))

Thm. Being Godlike is an essence of any Godlike being: ∀x[G(x)→ G ess. x]

Def. Necessary existence of an individual is the necessary exemplification of all its
essences: NE(x)↔ ∀φ[φ ess. x→ �∃yφ(y)]

Axiom Necessary existence is a positive property: P(NE)

Thm. Necessarily, God exists: �∃xG(x)
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Computational Metaphysics: Scott’s and Gödel’s Variants — Demo
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Universal (Meta-)Logical Reasoning Framework [Benzmüller_SBMF 2017]

Metaphysics

—application—
interacts
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Universal (Meta-)Logical Reasoning Framework [Benzmüller_SBMF 2017]
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Universal (Meta-)Logical Reasoning Framework [Benzmüller_SBMF 2017]
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Results of our Experiments (jww B. Woltzenlogel-Paleo)
(see also [Savijnanam 2017] and [AISSQ 2015] talk)
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Results of our Experiments

Variant of Dana Scott (1972)

I the premises are consistent
I all argument steps are logically correct

in (higher-order, extensional) modal logic

- correct in logic S5
- weaker logic KB is already sufficient
- philosophical critique about use of S5 not justfied

With our technology it is possible . . .
. . . to verify (selected) masterpiece arguments in philosophy.
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Results of our Experiments

Variant of Kurt Gödel (1970)

I the premises are inconsistent/contradictory
I everything follows (ex false quod libet)!
I humans had not seen this before
I . . . but my theorem prover LEO-II did

Our technology . . .
. . . can reveal flawed arguments and can even contribute new knowledge.
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Results of our Analysis

. . . we continue with Scott’s version

Further corollaries we can prove
I Monotheism
I Gott is flawless (has only positive properties)
I . . .
I Modal Collapse: ϕ→ � ϕ

I there are no contingent truths
I no alternative worlds
I everything is determined
I no free will

Challenge: Can the Modal Collapse be avoided (with minimal changes)?
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— Can the modal collapse be avoided? —
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Remainder of this Talk

We will have a closer look at
I Gödel/Scott (1972) modal collapse
I C. Anthony Anderson (1990) avoids modal collapse
I Melvin Fitting (2002) avoids modal collapse

Questions:

I How do Anderson and Fitting the avoid modal collapse?
I Are their solutions related?

To answer this questions we will apply some notions from
I mathematics: ultrafilters
I philosophy of language: extension and intension of predicates
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Part B
Some Relevant Pillar Stones for this Talk
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Intension vs. Extension of a Predicate (Philosophy of Language)

Example predicate: IsChessGrandmaster

d

b

c

a

w1

— Intensional Predicate IsChessGrandmaster (ICG)

— Extensions of ICG in possible worlds w1-w4:

             ICG w1 = {b,c}    

e
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“Rigidly Intensionalised Extension” of a Predicate

Example predicate: IsChessGrandmaster

d

b
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a

w1

— Intensional Predicate IsChessGrandmaster (ICG)

— Rigidified extension of ICG in world w1: 

            ICG w1 = {b,c}     

e
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Ultrafilter (Mathematics)

Definition of Ultrafilter:
Given an arbitrary set X. An ultrafilter U on the powerset P(X) is a subset of
P(X) such that (where A,B ∈ P(X)):

1. ∅ is not an element of U.

2. If A is subset of B and A is element of U, then B is also element of U.

3. If A and B are elements of U, then so is their intersection.

4. Either A or its relative complement X \ A is an element of U.
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Definition of Ultrafilter:
Given an arbitrary set X. An ultrafilter U on the powerset P(X) is a subset of
P(X) such that (where A,B ∈ P(X)):
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3. If A and B are elements of U, then so is their intersection.

4. Either A or its relative complement X \ A is an element of U.

Example:
X = {1, 2, 3, 4}
P(X) = {∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},

{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}}

U1 = { {1, 4}, }
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Ultrafilter (Mathematics)

From: Wikipedia (Jochen Burghardt) CC BY-SA
https://en.wikipedia.org/wiki/Ultrafilter
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Part C
— Comparative Analysis —

Variants of Gödel/Scott, Anderson and Fitting
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Ontological Argument: Variant by Gödel/Scott

Part I - Proving that God’s existence is possible

D1 Being Godlike is equivalent to having all positive properties.

A1 Exactly one of a property or its negation is positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.
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Part II - Proving that God’s existence is necessary, if possible

D2 A property E is the essence of an individual x iff x has E and all of x’s
properties are entailed by E.a

A4 Positive properties are necessarily positive.

From A1 and A4 (using definitions D1 and D2) follows:

T4 Being Godlike is an essential property of any Godlike individual.

D3 Necessary existence of an individual is the necessary instantiation of all
its essences.

A5 Necessary existence is a positive property.

From T4 and A5 (using D1, D2, D3) follows:

T5 Being Godlike, if instantiated, is necessarily instantiated.

And finally from T3, T5 (together with some implicit modal axioms,
e.g. S5) the existence of (at least a) God follows:

T6 Being Godlike is necessarily instantiated.

aThe underlined part in definition D2 has been added by Scott. Gödel originally omitted this part.
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“Modal Collapse” is implied by these axioms: ϕ ⊃ �ϕ
I determinism

“positive properties (P)” are applied here to intensional properties.
We can prove:
I P is an ultrafilter

Let P′ be the set of “rigidly intensionalised extensions” of positive
properties. We can prove:
I P′ is an ultrafilter
I P = P′
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Ontological Argument: Variant by Anderson (1990)

[Faith and Philosophy 1990]
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Ontological Argument: Variant by Anderson

Part I - Proving that God’s existence is possible

D1 Being Godlike is equivalent to having all positive properties.

A1 Exactly one of a property or its negation is positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.
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Ontological Argument: Variant by Anderson

Part I - Proving that God’s existence is possible
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properties entailed by E are necessary properties of x.

A4 Positive properties are necessarily positive.

From A1 and A4 (using definitions D1 and D2) follows:

T4 Being Godlike is an essential property of any Godlike individual.

D3 Necessary existence of an individual is the necessary instantiation of all
its essences.

A5 Necessary existence is a positive property.

From T4 and A5 (using D1, D2, D3) follows:

T5 Being Godlike, if instantiated, is necessarily instantiated.

And finally from T3, T5 (together with some implicit modal axioms,
e.g. S5) the existence of (at least a) God follows:

T6 Being Godlike is necessarily instantiated.
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Ontological Argument: Variant by Anderson

Part I - Proving that God’s existence is possible

D1’ Being Godlike is equivalent to having all and only the positive
properties as necessary properties.

A1a If a property is positive, then its negation is not positive.

A1b If the negation of a property is not positive, then the property is
positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.

Part II - Proving that God’s existence is necessary, if possible

D2’ A property E is an essence (EA) of an individual x if and only if all of
x’s necessary properties are entailed by E and (conversely) all
properties entailed by E are necessary properties of x.

A4 Positive properties are necessarily positive.

From A1 and A4 (using definitions D1 and D2) follows:

T4 Being Godlike is an essential property of any Godlike individual.

D3 Necessary existence of an individual is the necessary instantiation of all
its essences.

A5 Necessary existence is a positive property.

From T4 and A5 (using D1, D2, D3) follows:

T5 Being Godlike, if instantiated, is necessarily instantiated.

And finally from T3, T5 (together with some implicit modal axioms,
e.g. S5) the existence of (at least a) God follows:

T6 Being Godlike is necessarily instantiated.

“Modal Collapse” is *not* implied by these axioms

ϕ ⊃ �ϕ (has countermodel)

I no determinism

“positive properties (P)” are applied here to intensional properties.
We have:
I P is *not* an ultrafilter (has countermodel)

Let P′ be the set of all “rigidly intensionalised extensions” of posi-
tive properties. We can prove:
I P′ is an ultrafilter
I P , P′
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Ontological Argument: Variant by Fitting (2002)
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Ontological Argument: Variant by Fitting (2002)

Part I - Proving that God’s existence is possible

D1 Being Godlike is equivalent to having all positive properties.

A1 Exactly one of a property or its negation is positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.

Fully analogous to Gödel/Scott.

But: “positive properties” applied to extensions of properties only!
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Part I - Proving that God’s existence is possible

D1 Being Godlike is equivalent to having all positive properties.

A1 Exactly one of a property or its negation is positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.

Fully analogous to Gödel/Scott.

But: “positive properties” applied to extensions of properties only!

Part II - Proving that God’s existence is necessary, if possible

D2 A property E is the essence of an individual x iff x has E and all of x’s
properties are entailed by E.a

A4 Positive properties are necessarily positive.

From A1 and A4 (using definitions D1 and D2) follows:

T4 Being Godlike is an essential property of any Godlike individual.

D3 Necessary existence of an individual is the necessary instantiation of all
its essences.

A5 Necessary existence is a positive property.

From T4 and A5 (using D1, D2, D3) follows:

T5 Being Godlike, if instantiated, is necessarily instantiated.

And finally from T3, T5 (together with some implicit modal axioms,
e.g. S5) the existence of (at least a) God follows:

T6 Being Godlike is necessarily instantiated.

aThe underlined part in definition D2 has been added by Scott. Gödel originally omitted this part.
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Ontological Argument: Variant by Fitting (2002)

Part I - Proving that God’s existence is possible

D1 Being Godlike is equivalent to having all positive properties.

A1 Exactly one of a property or its negation is positive.

A2 Any property entailed by a positive property is positive.

A3 The combination of any collection of positive properties is itself positive.

From A1 and A2 follows theorem T1:

T1 Every positive property is possibly instantiated.

From D1 and A3 follows:

T2 Being Godlike is a positive property.

From T1 and T2 follows:

T3 Being Godlike is possibly instantiated.

Fully analogous to Gödel/Scott.

But: “positive properties” applied to extensions of properties only!

Part II - Proving that God’s existence is necessary, if possible

D2 A property E is the essence of an individual x iff x has E and all of x’s
properties are entailed by E.a

A4 Positive properties are necessarily positive.

From A1 and A4 (using definitions D1 and D2) follows:

T4 Being Godlike is an essential property of any Godlike individual.

D3 Necessary existence of an individual is the necessary instantiation of all
its essences.

A5 Necessary existence is a positive property.

From T4 and A5 (using D1, D2, D3) follows:

T5 Being Godlike, if instantiated, is necessarily instantiated.

And finally from T3, T5 (together with some implicit modal axioms,
e.g. S5) the existence of (at least a) God follows:

T6 Being Godlike is necessarily instantiated.

aThe underlined part in definition D2 has been added by Scott. Gödel originally omitted this part.

“Modal Collapse” is *not* implied by these axioms

ϕ ⊃ �ϕ (has countermodel)

We can prove that these “positive property extensions” (which corre-
sponds to P′ from before) form an ultrafilter.
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Summary of Results

I “Godlike” has been defined in terms of “positive properties”
I “positive properties” has been linked with the notion of “ultrafilter”.
I In our experiments we then distinguished between
P: positive intensional properties
P′: positive ("rigidly intensionalised") extensions of properties

I Gödel/Scott variant axiomatises P: P = P′ is an ultrafilter
I Anderson’s variant axiomatises P: P , P′; only P′ is an ultrafilter
I Fitting’s variant axiomatises only P′: P′ is an ultrafilter

Modal collapse holds for Gödel/Scott variant, but not for Anderson’s & Fitting’s!

They achieve this in seemingly different ways.

Mathematically, however, their solutions appear closely related.
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Part D
— Discussion —

Metaphysics, Mathematics and Reality
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Discussion: Metaphysics, Mathematics and Reality

I There are consistent theistic theories which
I imply the necessary existence of a Godlike (superior) being
I support different philosophical positions: determinism / non-determinism

I Theistic belief (at least in an abstract sense) not necessarily irrational

I By adopting the notion of “ultrafilter” these
theistic theories were mapped here to mathematical theories

Question
I Relevance of existence results for the real world?
I Existence results in metaphysics vs. mathematics — difference?
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Conclusion

I Experiments in Computational Metaphysics: Ontological Argument
I Universal Logical Reasoning Approach
I Further developed and applied since AISSQ 2015
I Interesting new results
I Approach has other relevant and pressing applications (e.g., machine ethics)

Evidence provided for central claim of this talk
I Computers may help to sharpen our understanding of arguments
I Universal (meta-)logical reasoning approach particularly well suited

Related work

I Ed Zalta (& co) with PROVER9 at Stanford [AJP 2011, CADE 2015]

I John Rushby with PVS at SRI [CAV-WS 2013, JAL 2018]
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