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Abstract

In this master thesis, we revisit the Grothendieck-Ogg-Shafarevich for-
mula. In order to do this, we recall constructions and results from arithmetic
(more concretely, about the ramification groups of a Galois extension), repre-
sentation theory (specifically the tools needed to measure the wild ramification
of an f-adic Galois representation) and arithmetic geometry (mainly construc-
tions and results of the cohomology of constructible sheaves). In the last part,
we give a detailed proof of the formula.
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1 Introduction

The aim of this master thesis is to understand the Grothendieck-Ogg-Shafarevich
formula, which measures the Euler characteristic of a lisse sheaf over a smooth curve
and puts it in terms of its rank, the geometry of the curve and its wild ramification.
Let’s explain this a little bit more:

Let U be a curve defined over an algebraically closed field £, and let F be a lisse
sheaf (one can think, for example, in a locally constant étale sheaf) defined over U.
Let C be a compactification of U.

If k has characteristic zero, then we know that X.(U, F) = rk(F)X.(U, Q,), where
X. denotes the Fuler characteristic with compact support.

If k£ has positive characteristic and U = (', then this formula remains true, but if
U is non proper then the formula becomes false. The reason for this is that it may
appear some wild ramification of F at C\U. What is this wild ramification? We will
define it later, but let’s try to explain it a little bit: for a given lisse sheaf F on U, we
want to define the wild ramification of F at a point z € C'\ U, denoted Swan,(F);
in order to achieve this, we will construct from F a continuous representation of
the absolute Galois group G, of a complete discretely valued field determined by
x. This kind of representations are called (-adic Galois representation, and one can
measure the wild ramification of these representations.

In order to measure this wild ramification, one has to construct the so called
Artin and Swan representations. We construct these representations by defining
their characters directly. One important fact that we use is the Hasse-Arf theorem,
which is very deep although at first it looks mild, and that tells us that the breaks
of a filtration of certain Galois groups are integer.

All in all, we have that using geometry, representation theory and arithmetic we
are able to define the wild ramification of our sheaf F at a point x € C'\ U, denoted
Swan, (F). With this notion, we obtain the Grothendieck-Ogg-Shafarevich formula,
which tells us that

X(U, F) = tk(F)Xe(U,Qe) — Y Swan,(F).

For a more precise statement, see theorem 4.63 below.

The structure of this thesis, following the presentation of [KR15], is the other way
around: we first define and study the ramification groups from arithmetic (section
2); after this we recall some facts from representation theory and construct the Artin
and Swan representations, which will allow us to measure the wild ramification of an
(-adic Galois representation (section 3); in the last section we go to the geometric
setting, and we study how to associate from a lisse sheaf F a representation of
the fundamental group of U, and from this we will obtain an ¢-adic representation;
finally, after recalling some facts from /-adic cohomology, we define precisely the wild
ramification of an f-adic sheaf and we finish the thesis proving the Grothendieck-
Ogg-Shafarevich formula.

Having a way of computing the Euler characteristic of a sheaf is very useful,
because combined with vanishing theorems it gives us information about the dimen-



sion of the cohomology groups. This formula has a lot of applications: for example,
it is used (among other things) in the proof of the Weil conjectures by Laumon.

Lately these notions have been generalized to higher dimension. There are two
approaches: the first one, initiated by Wiesend and developed by Kerz, Schmidt,
Drinfeld and Deligne, consists in reducing the study to dimension 1 by considering
the family of all curves in our algebraic variety; the second approach, followed by
Kato and Saito, develops a ramification theory directly in higher dimension and
they prove an analogue of the Grothendieck-Ogg-Shafarevich formula. Kindler and
Riilling survey both approaches in the last sections of [KR15], and this can be the
first thing one can read after this master thesis.

Finally, there are essentially no new ideas in this thesis. Its presentation follows
the one by Kindler and Riilling in [KR15], and the only merit that I can expect is
having clarified some explanations, having enlightened some paragraphs that were
not so detailed, having motivated a little bit more some parts, presenting sometimes
examples where they don’t and having restructured some of their proofs: this was
challenging because their material is really nice. When T found that T couldn’t
improve their approach, I have quoted their notes. Hopefully this thesis serves as
a first step towards their notes and gives the reader the opportunity to understand
this nice formula and its proof.
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2 Arithmetic

A general reference for this part is [Ser79]. In this section, L /K will be a finite Galois
extension of complete discretely valued fields with separable residue field extension,
and G := Gal(L/K). We denote by v the valuation in K, vy, the extension to L and
p will be the characteristic char(k(v)), and let

—

]
T

§—>:f>—>w

— my

be the diagram where the arrows are inclusions, A and B the ring of integers of K
and L, and mg and my, their maximal ideals.

2.1 Ramification filtration - lower numbering

In the above setting, we define the ramification groups with lower numbering:

Definition 2.1. For i > —1, we know that G acts on B/m’"'. The i-th ramification
subgroup of G is the following subgroup:

G; = {0 € G|o acts trivially on B/m’}.

These ramification subgroups form a filtration of GG called the ramification filtration
of G in the lower numbering.

One sees immediately that G_; = G and that Gy = I (the inertia group, i.e. the
kernel of the surjective map G — Gal(k(v.)/k(v)).

Remark 2.2. Note that G; is just
G :={oc € G|Vbe B, vi(c(b) —b) > i+ 1},

and since we know [Ser79, III, Prop. 12] that there exists z € B such that B = A[z],
we can also write
Gi ={o € Glog(o(z) —z) > i+ 1},

which gives us an easy way to compute these subgroups. For example, we see
immediately that G is trivial for > 0.

Let’s compute an example:

FEzample 2.3. Let k be an algebraically closed field of char(k) = p > 0, and let
K := k((z)) be the Laurent series with coefficients in k. Consider the polynomial
u? + zuP~! — z € KJu], which by the Eisenstein criterion is seen to be irreducible
and therefore defines the field extension L := K[u|/(u” + zu?~! — ), which is called



an Artin-Schreier extension®. This extension L/K is Galois with group G = Z/pZ,
and a € G acts via u — u/(1 + au). We get this diagram:

K — Ku]/(uf 4+ zuP~! — z)

T I

klla]] —— Kl[z]][u]/(uP + 20~ — x)

[ [

() < > (u)

and since u? = x(1 — uP~!), we see that the ramification index of this extension is
e(L/K) = p (in particular it is totally ramified, so G_; = Gy = G). Let’s compute
the other ramification groups. For this, we just need to know how does a € G act
on u. Since, for a # 0,

vp(u —u/(1+au)) = v (u(l 4+ au —1)/(1 + au)) = 2,
we have that G; = GG and that G5 = 0.

Similarly (c.f. [Lau81]), one proves that L = K[t]/(t*" —t — 2™ ™)/K, with
(m,p) = 1, has the following ramification filtration:

2% =Gy=...=Gp 2 Gmi1 =0.

This finishes the example.

Since B = Alzx], the generator x will also be a generator over intermediate
valuation rings, so we have the following compatibility when taking subgroups:

Proposition 2.4. If H < G is a subgroup and L' its fized field, then L/L™ is
Galois with group H, and for all v,

H;,=G;NnH.

Remark 2.5. 1. Applying the proposition to H = I, we see that we may assume
L/K to be totally ramified.

2. Quotients will not respect this filtration in general. In order to fix this, we will
define a different ramification filtration, which will have the same subgroups
but in a different numbering (c.f. [KR15, Cor. 3.43]). In order to distinguish
the filtrations, we denote the second one as G, and we call it ramification
filtration with upper numbering. But before we define this second filtration,
let’s study a little bit more the structure of our lower numbering filtration.

Once we assume that L/K is totally ramified, we know by [Ser79, III, Lem. 4]
that x, the generator of B = A[z], may be chosen so that it is an uniformizer for L.
Hence, for o € Gy, we see that vz (o(z)) = vr(x) = 1 and therefore o(z)/z € B* =:
U?. Since G; = {0 € Glo(z) — x € (z)"*'}, we see that

Gi={occGlo(x)/r=1 (modm})}.

This motivates a filtration of the group of units of L:

! Changing coordinates ¢ = 1/u, we see that L is isomorphic to K[t]/(t? —t — 1/x).
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Definition 2.6. For i > 0, we define U} := 1 +m} C B* to be the group of i-th
units. For i = 0, we will just define U} := Uy, := B*.
These subgroups will give us information about the ramification subgroups be-

cause they are easier to handle and we can do the following?:

Proposition 2.7. The assigment o +— o(x)/x induces an injective homomorphism
of groups o
Gi/Gipr = UL UL,
and this homomorphism s independent of the choice of x.
The right hand side of this homomorphism is very explicit. Indeed, let’s look

closer at both ¢ = 0 and ¢ > 0. Since we may assume that L/K is totally ramified,
the residue fields of L and K are the same. Let’s denote them by k.

e The case i = 0: UY/U} = (k*,-), where the map U? — (k*,-) is given by
fixing a local parameter  and mapping ug + w1 + . . . + u, 2" — [1g]. We can
also map UY — U?/m;, = k>, so we don’t need to make any choice.

e The case i > 0: Up/UP! =2 (k,+). For this, we can show that Up/U™" —

m? /my* . [1 + 2] — [2] is an isomorphism, and that the latter is a 1-
dimensional k-vector space (for this just need to choose a local parameter

Using this, one shows the following:

Corollary 2.8. e Gy/G, is cyclic of order prime to p = char(k).
o Ifp=0, then G; =0 fori> 0.

e Ifp >0, then fori > 1 the groups G; are p-groups, and the quotients G;/G ;1
are abelian p-groups.

o (G is a semi-direct product of a cyclic group of order prime to p and a p-group.
In particular, Gy is solvable and G is its unique p-Sylow group.

2.2 Ramification filtration - upper numbering

Now we want to introduce the upper numbering filtration, that will respect the
quotients. We said that we have to change the numbering, and in order to do it we
first need to fix some notation. For u € R>_;, we denote G, := G,1, where [u] is
the smallest integer greater or equal to u.

Definition 2.9 (Herbrand’s function). We define the function ¢ /x : [-1,00) —

[—1,00) as follows:
dt

ou/se () /o (Go: Gy)’
where (Gg : Gy) is defined, for ¢ € [—1,0), as (Go : Gy) := (Gy : Go)~'. In other
words, (Go: G_1) =1/f and (G : G;) =1 for t € (—1,0), where f is the degree of
the extension of the residue fields.

2The two lines computation can be checked in [KR15, Prop. 3.37].
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Remark 2.10. Note that if u € Z>, then

1 U
w+1= =3 |G-
QOL/K( ) |G0| izo‘ ’

This definition arises naturally in the computation of the image of G; in the
quotient G/H, where H <G is a normal subgroup (c.f. proof of [KR15, Cor. 3.43]).
Indeed, we obtain the following compatibility when taking quotients:

Proposition 2.11. Let H <G be a normal subgroup. Then, for v € Rs_y, we have
G,H/H = (G/H)

WL/LH(U)'
Hence, if ¢k denotes the inverse to ¢k, we define the upper numbering
filtration as follows:

Definition 2.12. For v € R>_;, define G* := G%/K(U).

In order to be able to write the filtration, we will only keep track of the jumps,
i.e. the v € R>_; such that G¥ 2 G¥** for all € > 0. In other words, the jumps are
just the ¢,k (u), where u are the integers such that Gy, 2 Gyx1.

Erample 2.13. e Let’s compute the upper numbering filtration of the Artin-
Schreier extension. Since

ZIpL =Gy=...=Gp 2 Gy =0,
we have that
%:u if 0 <u<m,
GDL/K(U): P u—m .
m + if 4> m.
p

Hence, we get

v if 0 <u<m,
p(v—m)+m if u>m.

ugle) = {

We see then that the only jump is on v = m, and therefore we write the upper
numbering filtration as

ZIpZ =G =...=G™ D G" =0.

e In the above example the only jump of the filtration is an integer, but this is not
always the case. Indeed, Serre constructed in [Ser60, Sec. 4] a totally ramified
Galois extension L/Q, with Galois group G isomorphic to the quaternions
group {+1,+i, +j, +k} with the usual relations. The center of the group is
Z(G) = {£1}, and L/Qy has the following lower numbering filtration: G =
Gy =Gy, Gy = G3 = Z(G), and G4 = {1}. Hence, the jumps are ¢r,g,(1) =1
and ¢r,/0,(3) = 3/2.

In the next subsection, we will see the theorem of Hasse-Arf, which asserts
that when G is abelian, the jumps are integers. This result turns out to be
very important, as we will see later.

10



The upper numbering filtration respects the quotients, as we were looking for
(c.f. [KR15, Prop. 3.53]):

Proposition 2.14. If H <G s a normal subgroup, we have

GUJ(HNG") = (G/H)".

2.3 Theorem of Hasse-Arf

Recall that the jumps or breaks of the upper numbering filtration of G are the
v € R>_; such that G¥ 2 G** for all ¢ > 0. Then the following is true:

Theorem 2.15 (Hasse-Arf). If G is abelian, the jumps are integers.

There are at least two ways of proving this result.

The first one uses local class field theory, and we need the extra assumption that
the residue field of K is finite. Under this assumption, we know that there exists
the local reciprocity map p : K* — Gal(K%/K) such that, for any finite abelian
extension L/K, the composition

K* = Gal(K*/K) — Gal(L/K)

maps UL onto Gal(L/K) for any v € Rsq (c.f. [CF67, Ch. V1.4, Thm. 1]), so the
jumps will occur at integer v’s.

The second proof (c.f. [Ser79]) doesn’t need the development of the local class
field theory and doesn’t need the extra assumption on the residue field, but on the
other hand is a little bit longer and intricate. The idea of it consists of reducing to
the case of a cyclic extension (using the transitivity of the norm and of the functions
¢) and the last jump (i.e. the last v where GV is non-trivial). In this particular case,
we consider V' := {kernel of the norm Nk : L* — K*}. By Hilbert’s theorem 90
this is just V' = {gy/y| y € L™}, where g generates G, and we consider the subgroup
W :={gy/y|y € Ur}. Then, fixing a local parameter z € L, the assigment

0:G — VW
o — o(x)/x

is an isomorphism of groups that respects the filtrations, i.e. 8|, : G; — V;/W; for
all i > 0. Using this, if we assume that the jump v is not an integer, then there is an
integer w such that w < v < w+1, and then our problem is reduced to showing that
if Gw+1 = 0 and VT/)L/K(U)Jrl/W?/’L/K(U)Jrl = 0, then VT/’L/K(”)/WwL/K(U) = 0, because
once he have this we conclude (using that the isomorphism 6 respects filtrations) that
Gy, vy = 0, which contradicts the definition of v. One proves that fact studying
the norm map, as it is perfectly done in [Ser79, Ch. V] [KR15, Sections 3.8 and 3.9].
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3 Representation theory

A general reference for this part is [Ser77]. Let E be a field and G a finite group.
Recall that a class function ¢ : G — F is a function which is constant on conjugacy
classes.

Ezxample 3.1. Let G := Gal(L/K), with L/K a finite Galois extension of complete
discrete valued fields as in the previous section, and x € L a local parameter. Then
we can defined the ramification subgroups using the following class function:

igiG — Zon{OO}
o +— wvp(o(z) —x)

Note that according to our definition this wouldn’t be a class map because we don’t
go to a field, but this is not so important. They key point is that it is constant on
conjugacy classes.

One nice property of i¢ is that it allows us to write the ramification groups as
follows: G; = i5'([i + 1,00]). Using this we will construct the Artin character (this
one will be a class function to a field E), which will be very important in this thesis.
This function will also appear in the proof of the Grothendieck-Ogg-Shafarevich
formula.

One important example of a class function of special interest for us is the char-
acter of a representation. Recall that if p : G — GL(V) is a representation of G on
a finite dimensional E-vector space V', the character of p, X, : G — E, is defined as

X,(9) == Xv(g) == Tr(p(g)).

Note that if V is 1-dimensional, the character is the representation itself. The
following facts can be easily shown:

Remark 3.2. Let V1, V5 be two representations of G.
1. le@vz = le + XVQ.

2. XV1®V3 = XVl . XV2

3. Xyv(9) = X1, (g7"). In particular, if E = C, we have Xyv(g) = Xy, (9).

Erample 3.3. Given G, recall that the reqular representation is the representation
associated to E[G] seen as an E[G]-module. In other words, if a basis of V' is given
by {e,}seq, then G acts by moving these elements®. Hence, if ¢ is the character
of the regular representation, r¢(1) = |G| and rg(g) = 0 for g # 1 (because in the
diagonals of the matrices with respect to the above basis, we will have only zeroes).

Recall also the augmentation representation, which is just the kernel of the quo-
tient from the regular representation to the trivial representation (of rank 1). Let
uq denote its character. If |G| is invertible in E, then the regular representation is
the direct sum of the trivial representation and the augmentation representation, so
we have r¢ = ug + 1. In particular, ug(l) = |G| —1 and ug(g) = —1 for the g # 1.

3For all h € G, he, = epy.
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The set of class functions from G to a field E, Cg ¢, has a natural structure of
an E-vector space, and if the characteristic of E doesn’t divide |G|, we can define
the following bilinear product:

CROPES é > plg)elg™).

geG

This is a symmetric bilinear form on Cg g.
If £ = C, we have the following nice theorem:

Theorem 3.4. Let G be a finite group. Then, its irreducible characters Xy, ..., X,
form a basis of Cc . Moreover, this basis is orthonormal with respect to (—, —) -

Therefore, we have the following:

Corollary 3.5. Over C, a class function ¢ is the character of a representation of
G if and only if it is of the form

p=mX1+...+aX,,
with the a; € Z>g.

We will need two more things in the rest of the section: the Frobenius reciprocity
and Brauer’s theorem. First we need a couple of definitions:

Definition 3.6. Let o : H — G be a group homomorphism (one can think on the
inclusion of a subgroup), and let E be a field of characteristic 0.

1. If ¢ € Cg is a class function on G, then a*p := g o« is a class function on
H. We call it the restriction of ¢.

2. If ¢ € Cg g is a class function on H, then we define the induced class function
on G, a,p, as follows:

e If o is injective,

1 1
@el9) = > elzgr).

el
zgx~'cH

e If o is surjective,

1
ap(g) = m h%:g p(h).

e In general, factor a onto its image and an inclusion.

Remark 3.7. Both the restricted and the induces class functions respect characters,
i.e. if X is a character on H (resp. ), then a,X (resp. a*X) is again a character on
G (resp. on H).

The Frobenius reciprocity gives us an adjuction relation between induced and
restricted representations:

13



Proposition 3.8 (Frobenius recoprocity). Let o : H — G be a group homomor-
phism, 1 € Cc g, and ¢ € Cc. Then

<77Z}7 ()4*@0>H = <Oé*77/}, @)G .

Finally, Brauer’s theorem allows us to write any character of G’ as a combination
of 1-dimensional characters of subgroups H; < G:

Theorem 3.9 (Brauer). Let G be a finite group and X a character corresponding to
a finite dimensional complex representation of G. Then, X is a Z-linear combination
of characters of the form «;X;, where «; : H; — G 1s an inclusion of a subgroup
and X; s a 1-dimensional representation of H;.

3.1 Artin and Swan representations

In this section we define the Artin and the Swan representations. Given a complete
discrete valued field K with perfect residue field, we will use the Swan representation
to define a measure of “wildness” of the pro-p-subgroup Px < Gk.

Let L/K be a finite Galois extension of complete discretely valued fields with
separable residue extension of degree f and Galois group . Then, we define the
Artin character, which is the class function given by

| —fic(g) if g #1,
aa(9) = { IY o iald) g1,

where ¢4 is the class function defined in Example 3.1. Of course, we call it a character
because it is a character:

Theorem 3.10 (Artin). The Artin character ag is indeed a character (of a repre-
sentation of G over C).

Proof. (Sketch) First of all, we reduce the theorem to the totally ramified case,
because if + : Gy — G is the inclusion of the inertia subgroup, we have (c.f. [KR15,
Lem. 4.47]) t.a¢, = ag, and we know that the induced class function of a character
is again a character. By corollary 3.5, it is enough to show that for any character
X, then (aq, X) =: f(X) € Z>(. For this, one proves first that f(X) is a non-negative
rational number* (c.f. [KR15, Lem. 4.48]). Once we have this, then by Brauer’s
theorem we have that X = ) a;X}, where a; € Z and X} := «;.X; is the induced
representation of a 1-dimensional character X; on the subgroup H;. Hence, we just
need to show that f(X}) € Z.

But by Frobenius reciprocity, we have that f(X{) = (aq, @i Xi) = (@ a, Xi) g -
Now we can write aja¢ in terms of the regular representation of H; and the Artin
character of H; (c.f. [KR15, Lem. 4.51)):

* _
ojag = Arg, + am,,

1
4Indeed, we have that f(X) =
we have that 0O = 2 e -au

(dim V — dim V).

14



where A = vK,(QK,/K) is a non-negative integer and K’ := Li. Therefore we have
f(X’IL) - <Oé,2<CLG7 XZ) = A <TH1'7Xi> + <aHl'7 XZ) — /\XZ(]-) + <a/Hi7 XZ) )

where X; is 1-dimensional, so X;(1) = 1. Hence, we reduced our problem to the
1-dimensional case, because if we prove that (ap,, X;) is an integer, we are done.
We have the group homomorphism X; : H; — C*. Let H' := ker(X;). Then
given the chain of subgroups {1} < H' < H; < G, we denote the corresponding
chain of field extensions as L/L;/K'/K. If ¢, denotes the largest integer such that
Gal(Li/K')e, = (H;/H')y # {1}, then we have (c.f. [KR15, Lem. 4.50])

<aH-L'a XZ> = QDK’/K(C;) + ]-7

and since H,;/H' is a subgroup of C*, K'/K is an abelian extension. Finally Hasse-
Arf theorem tells us that ¢ x(c;) is an integer, so we are done.
[l

Definition 3.11. The Swan character is the following function:

sWg = ag — (Ta — ra/G,)-
Note that if L/K is totally ramified, then swg = ag — (rg — lg) = ag — ug-

Remark 3.12. Again, we have that the Swan character is a character. To see this,
we can assume as before that L/K is totally ramified, and then, for any character
X of a representation V',

<SWG, X> = <ag, X> — <7"G — 1G7 X)
= {ag, X) — dim V/V¢

1
= TeRren (dim V' — dim V%) — (dim V — dim V')

=) ———(dimV — dim V'
2 ]G:Gi]( im im V&),

which is greater or equal to 0, and since {(ag, X) is an integer, we conclude that swg
is the character of a representation.

So far, we have seen that ag and swg are the characters of complex representa-
tions. Since C has characteristic 0 and G is finite, we know that these representations
are realizable over Q (c.f. [KR15, Prop. 4.19]). We could ask if we can go further,
i.e. if these representations are realizable over a smaller field, for example over Q,
but this turns out to be false (c.f. [Ser60]). Nonetheless, we can still do something:
since both representations are realizable over Q, they are also realizable over Q,

and we have the following theorem:

Theorem 3.13. Let ¢ be a prime number different from the residue characteristic
of K. Then,

1. The Artin and the Swan representations are realizable over Q.
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2. There ezists a finitely generated projective left-Zy|G|-module Sw¢, unique up to
isomorphism, such that Swg ®z, Qg is isomorphic to the Swan representation
(i.e. it has character swg).

Remark 3.14. There is no direct construction of the Z,[G]-module known, since all
the proofs that we have give just the existence of the module.

The proof of the existence of Sw¢ lies on the study of representations over a field
whose characteristic may divide the order of |G| and over discrete valuation rings of
mixed characteristic. This makes things complicated, and since we don’t obtain a
direct construction we omit the proof. More explanations can be found on [KR15,
Section 4.3], and a complete proof in [Ser77].

In the next section we will use Sw¢ to study the group Gg.

3.2 Measuring the wild ramification of an /-adic Galois rep-
resentation

Let K be a complete discretely valued field with perfect residue field of characteristic
p > 0. Fix a separable closure K*% of K, and let Gx := Gal(K*®P/K) be the
absolute Galois group of K. Let ¢ # p be a second prime, and E/Q, a finite
field extension. In this section we consider continuous representations of the shape
p: Gg — GL(V), where V is a finite dimensional vector space over E. Such a
representation is called an (-adic Galois representation.

We are interested in the restriction of this action to the wild ramification sub-
group of Gk (we define it right now). Recall that for any finite Galois extension
L/K, Gal(L/K); is the unique p-Sylow subgroup of Gal(L/K) (c.f. Cor. 2.8), and
that the quotient Gal(L/K)/Gal(L/K); is cyclic of order prime to p. Given two
finite extensions L/L'/K, we know that Gal(L/K); maps to Gal(L'/K), since the
image of a p-group is a p-group. Hence we can take the inverse limit of Gal(L/K),
over all the finite Galois L/ K, and we obtain a closed normal pro-p-group Px <G .
We call this group Py the wild ramification subgroup of Gk. Note that G /Py is
pro-cyclic with every finite quotient of order prime to p. In particular, for any H <G
open normal subgroup, the image of Px in G /H is precisely (Gx/H);.

We use this group Pk for the following definition:

Definition 3.15. Let R be a commutative ring and p : Gg — GL,(R) be a group
homomorphism.

1. pis called unramified if G% C ker(p).

2. pis called tame or tamely ramified if Px C ker(p). Otherwise p is called wild
or wildly ramified.

We are mainly interested in the cases R = E, O and Fy := Op/myg, and p contin-
uous.

Given an f-adic Galois representation p : Gx — GL(V'), we can factor it via a
model GL(V) over Op. Indeed, we can do it for any profinite group G:
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Lemma 3.16. If G is a compact topological group (in particular a profinite group
as Gk ) and p : G — GL(V) a continuous representation, then there exists a free
Og-submodule ¥V C 'V such that V = Vg and p factors

p: G — GL(V) — GL(V),
where GL(V) 1= Aute, (V).

Proof. Choose a basis ey, ..., e, of V. This gives us an inclusion GL,(Og) C GL,(FE),
and makes GL,(Og) into a topological group. Then

G= U ' (MGL(O)

MeGL,(E)

is an open covering, so we can find a minimal n > 1 and matrices My,..., M, €
GL,(F) such that im(p) C |J M;GL,.(Og).

Taking V' := > " e;0p C V, for any g € G we have that p(g)V' = M;V" for
some 7, so V = Y . M;V' is a G-stable free Og-submodule of V satistying our
conditions. 0

Now, if A is a local parameter of Op, we specialize the representation as follows:

Definition 3.17. Given a continuous representation p : Gx — GL(V) over Op,
then the composition p : Gx — GL(V) — GL(V), with ¥V = V/AV is called the
reduction modulo A of p. Note that p is a representation over F,.

We now want to see that Px acts on V and V through the same group, and this
group will be finite. In particular, given an ¢-adic Galois representation p : G —
GL(V), p|p, factors through a finite quotient of Pk (i.e. the action is, in some sense,
almost trivial). It is important to emphasize here that we are assuming all the time
that ¢ # p.

Indeed, we prove something more general:

Lemma 3.18. Let E/Qq be a finite field extension, ¢ # p. If P is a pro-p-group
and p: P — GL,(Og) a continuous representation, then the image of p is finite and
p(P) Nker(GL,(Of) — GL,.(F,)) = {1}.

Proof. It M,.(Og) denotes the ring of r X r matrices with coefficients in Og, then
H := ker(GL,(Og) — GL,(Fy)) = id + AM,(Og). Since p is continuous, p ' (H) is
an open subgroup of P. Since [, is a finite extension of F,, H is a pro-f-group, and
since ¢ # p there are no non-trivial maps between pro-p- and pro-f-groups. Hence
p~'(H) C ker(p), so p(P) N H = {1}. Finally H has finite index in GL,(Og), so
p 1(H) has finite index in P which implies that ker(p) also has finite index, and we
are done. O

Corollary 3.19. In the above situation, p is tame if and only if p is tame.

Now we want to define an invariant of a given (-adic Galois representation that
measures its wild ramification. There are two ways of defining this invariant: one
using the Swan representation defined over Z, (last chapter of [Ser77]), and another
one using the break decomposition of the representation, which allows us to define
the Swan conductor (beginning of [Kat88]). At the end of the section we show that
both definitions coincide.
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3.2.1 First approach: the invariant (1)

Let p : Gg — GL(V) be, as before, a continuous representation, where V is a free
Opr-module.

Definition 3.20. Let G := G/ ker(p), which is a finite group (since F, is a finite
field) corresponding to a finite Galois extension L/K. Hence, we are in the situation
of section 3.1, so we can consider the Swan representation over Z; of G, Swg. Then,
we define

b(p) = b(V) = CIIHIIE'A HOHlFA[G}(SWG ®Zl F)\,ﬁ).

Remark 3.21. 1. Note that the number b(V) only depends on the class of V (i.e.
the reduction 7 of the representation p) in the Grothendieck ring Ry, (G),
which is the abelian group generated by the isomorphism classes [W)] of finite
dimensional representations of G with the extra relation W] = [Wy] + W] if
there exists an exact sequence of representations 0 — W, - W — W, — 0.
Ry, (G) becomes a ring with the tensor product.

2. If we start with an ¢-adic Galois representation p : Gxg — GL(V'), where V/
is a vector space over E, then by lemma 3.16 it factors through p : Gx —
GL(V) — GL(V). Then, we can define b(V') := b(V), and this number doesn’t
depend on the Op-lattice V that we choose. This is because the class of V in
the ring Ry, (G) ounly depends on p : Gx — GL(V): in order to check this,
one has to develop a little bit of representation theory in mixed characteristic,
and we refer to [Ser77] or [KR15, Prop. 4.61] for details. Here we just need to
know that b(V') is well defined.

3. Here we use G := G/ ker(p) to define b(p), but we can use G /N, where N is
an open normal subgroup of finite index contained in ker(p) without changing
the result, as we will see at the end of the section.

4. If p factors through a finite quotient G of G'x, then

b(p) = dimg, (¢ Homp, j¢1(Swe ®z, Fa, )
= rankp,Homo, [¢(Swg ®z, Og, p)
= dimg Hompgq(Swe ®q, E, p® E),
c.f. [KR15, Rem. 4.72].

With the next proposition, we see that b(1') tells us if V' has wild ramification
or not.

Proposition 3.22. In the above situation, with G := G/ ker(p), we have

The proof uses some facts about representation theory, and we refer again to
[Ser77] or [KR15, Prop. 4.73] for the details. We summarize here what we know
about b(V) measuring the the wild ramification:
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Proposition 3.23. Let p : Gk — GL,(Og) be a continuous representation. Then
the following are equivalent:

1. The composition p @ E : Gxg — GL,(Og) — GL.(E) is tame.
2. pis tame.

3. p: Gk — GL,(Fy) is tame.

4. b(V) =0.

3.2.2 Second approach: the Swan conductor Swan (V)

In this section, given an f-adic Galois representation p : Gx — GL(V'), we want to
construct a decomposition of V', called the break decomposition V = P, e, V(2),
that will encode part of the ramification information of Gx. Once we have it, we
will define the Swan conductor of V', which is the real number

Swan(V) := Z zdim V (z),

mE]RZO

and we will see that it coincides with b(V').
In order to construct the break decomposition, we need some more facts about
the ramification filtration on Gg:

Lemma 3.24. Let A € Ry, and denote G := ., G the closure of the union of
the subgroups G;‘(I in the topological group G. Then, the upper numbering filtration
G satisfies the following:

1 Mo G = {1}

2. For A >0,
Gr= () G

0< A <A
_ 0+
3. Py =G

Proof. For the first part, note that if ¢ € G for all A > 0, then for every finite
Galois extension L/K, g maps to Lgair/k), which is the only element of Gal(L/K)*
for A big enough. Hence g must be the identity element.

For the second part, first note that G} C G7 for every X' < A, so G} C
Ny<y G- If we assume that there exists g € (NG%) \ G, then there must be
a finite Galois extension L/K such that g, the image of ¢ in Gal(L/K), lies in
(NGal(L/K)")\ Gal(L/K)*. In other words, g € Gal(L/K) \ Gal(L/K) for all
A < A, but this is a contradiction with the fact that the function t — #Gal(L/K)
is left continuous (this is because Gal(L/K )" = Gal(L/K )y = Gal(L/K )y, and
the function [—] is left continuous). Therefore we must have an equality.

Finally, for the third part, let L/ K be a finite Galois extension. By definition, the
image of Py in Gal(L/K) is Gal(L/K),. We know that for any £ > 0, ¢,/ (g) > 0,
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so Gal(L/K)® = Gal(L/K)yy C Gal(L/K)i. Hence, G% C Px. Moreover, for
L/K, there exists e;, > 0 such that Gal(L/K)** = Gal(L/K),. Hence the image of
G% in Py is precisely Gal(L/K), for any finite Galois L/K, so we have an equality
G% = Pg because GY% is closed and any closed subgroup H of a profinite group
P =1lim P/N is isomorphic to lim H/(H N N).

N N

]

We will use this lemma to construct the break decomposition. This decomposi-
tion exists in a more general setting, i.e. we have it not just for any E[G ]-module
V', but for more general modules:

Definition 3.25. We say that a Px-module is a Z[1/p]-module M, together with
a morphism p : Py — AutzM which factors through a finite discrete quotient.
A morphism of Pg-modules is a morphism of Z[1/p]-modules that respects the
additional structure.

Note that by lemma 3.18, any f-adic representation V of G is a Px-module.
Now we see that the break decomposition exists for Px-modules, and we see also
how does it look like:

Proposition 3.26. For notational convenience, let’s denote G := G and P := P.
Let M be a P-module.

1. There exists a unique decomposition M = € M (x) of P-modules such that
IGRZQ

(a) M(0)= M".
(b) M(z)¢" =0 for z > 0.
(¢c) M(x)¢" = M(x) for x> y.

2. M(x) =0 for all but finitely many x € Rx.

3. For every x € Rs, the assignment M — M(x) is an ezxact endofunctor on
the category of P-modules.

4. Homp(M(z), M(y)) =0 for x # y.

The proof can be checked in [Kat88, Prop. 1.1.1], and some more details of the
proof in [KR15, Prop. 4.77]. Here we don’t prove the whole statement, but we
follow the second reference in order to define the P-modules M (x).

First, let p : P — Autyz(M) denote the representation that gives M the structure
of a P-module, and let H := im(p), which is a finite discrete p-group by definition.
Now, for z € Ry, let H(z+) := p(G*") and for x > 0, H(z) = p(G*). For
example, H = p(P) = p(G°") = H(0+). Note that H(z) and H(z+) are all normal
subgroups of H.

Now, for the different x, we define the following elements of Z[1/p][H]:

1
Z h and 7(z+) =T Z h.

heH (z) he H(z+)

1
|H ()]

w(x) =
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Since G*" C G*, we see that H(z+) C H(z), and we see that they are equal if z is
not a break in the upper numbering filtration of G. Since 7(z+)7(z) = m(x), we see
that almost all the elements w(z+)(1 — w(x)) are zero, and the non-zero elements
correspond to the jumps of the filtration. Then one shows that these elements are
orthogonal, idempotents and their sum is zero (c.f. [KR15, Lemma 4.78]). Now
we can define the decomposition of M: M(0) := {m € M| x(0+)m = m}, and
M(z):={me M| r(z+)(1 —n(x))m = m} for z > 0.

Corollary 3.27. Let A be a Z-algebra, and M an A-module on which P = Pk
acts A-linearly through a finite quotient (i.e. is a P-module and the representation
factors also through Aut (M) C Autz(M)).

1. In the break decomposition M = @ ,~, M(z), every M(z) is an A-submodule
of M. -

2. If B is an A-algebra, then the break decomposition of B @ 4 M is

P B o M(x).

>0

3. If A is local and noetherian, and M a free A-module of finite rank, then every
M (x) is free of finite rank.

Proof. 1. If a € A, multiplication by a is P-equivariant on M, so by the third
part of the previous proposition, a maps M (z) to M(z).

2. This is because of the construction of 7(z) and 7 (x+).

3. If M is a free A-module of finite rank, then M (z) is a direct summand so it
is projective. If A is noetherian, then M (z) is also finitely generated. Finally,
if A is local, then projective modules of finite rank are free modules of finite
rank.

]

Now we define the Swan conductor of a Px-module:

Definition 3.28. Let A be a local noetherian Z[1/pl-algebra and M a free A-
module of finite rank on which Py acts A-linearly through a finite quotient. The
Swan conductor of M is the real number

Swan(M) := Za: rank 4 (M (x)).

>0

Remark 3.29. 1. One sees immediately that Swan(M) = 0 if and only if the
action of Px on M is trivial.

2. If B is an A-algebra, then Swan(M) = Swan(M ®4 B).

3. Swan(M) is additive on short exact sequences.

21



Now we want to extend the notion of the Swan conductor for an f-adic Ga-
lois representation V' of Gx. We are almost there, we just need to see that the
decomposition is not just a decomposition of Px-modules, but of G g-modules:

Lemma 3.30. Let M be a Z[1/p]-module on which Gk acts such that the restriction
to Pk acts through a finite quotient on M. Then the break decomposition M =
Do M(z) is a decomposition of G k-modules.

The proof of this lemma is easy, and we refer the reader to [KR15, Lem. 4.83].
Hence, by lemma 3.18, our /-adic Galois representation V satisfies the conditions
(recall that we are assuming all the time that £ # p) and we obtain the break

decomposition
V=P Vi,
mE]RZO

which is a decomposition of continuous E-representations of G (for the continuity,
note that p factors through @, GL(V (z)), and here we have the subspace topology).

Remark 3.31. 1. We see immediately that Swan(}') measures the wild ramifica-
tion of V, because by the previous remark Swan(V) = 0 if and only if V is
tame.

2. If we have our f-adic representation Gx — GL(V'), we know that it factors
through a free Og-module V of the same rank as V. Then V' =V ® E implies
that V(z) = V(z) ® E, and therefore

Swan(V') = Swan(V).

3. Similarly, one gets that Swan(V) = Swan(V).

In the next section we prove that Swan(V') is an integer in the case of f-adic
representations. If V' is just a representation of Py, then Swan(V') may not be an
integer, but it will still be a rational number (c.f. [Kat83, Cor. of p. 214]).

3.2.3 Both approaches give us the same number

Here we want to prove that (V') = Swan(V):

Theorem 3.32. If p : Gx — GL(V) is an (-adic Galois representation, then
Swan(V) = b(V).

Example 3.33. Let’s compute the Swan conductors of the 1-dimensional non-trivial
¢-adic Galois representations of the Artin-Schreier extension L := K[t|/(tP—t—z™™),
where K = k((z)) and £ is an algebraically closed field of characteristic p. Recall that
if we assume that (m,p) = 1, then the lower numbering filtration of G := Gal(L/K)
isG=F,=Gy=...=Gp 2 Gpnt1 =0 (c.f. example 2.3).

Now let £ # p, and let X : F, = Q; be a 1-dimensional /-adic Galois repre-
sentation. By proposition 3.22, we know that b(V) = >, |G;|/|G| dimg, (X/X).
The reduction X : F, — F is non-trivial (since the image of a generator of F,
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must be a root of unity different from 1, it belongs to Ug, \ Up,), so we have that
dimg, (X/X“) =1fori=0,...,m
Hence, applying the theorem we get that

Swan(X) = Swan(X Z (X/X°) = Z l=m
=0 i=1

Let’s prove the theorem:

Proof. We saw that Swan (V) = Swan()), where V is the reduction of a lift of V, as
usual. Let E denote the field of the coefficients of V' and T, its residue field, which
is finite. Since V is finite dimensional V also is, so GL(V) is a finite group, so Gg
acts on V through a finite quotient G. Let L/K be the subextension corresponding
to this group G.

Assume that V' # 0 (else, both numbers are 0 and we are done). Then V # 0.
Let z € Rsg such that V(z) # 0. Then z corresponds to a jump of the upper
numbering filtration of G, as we saw in the discussion after proposition 3.26. In
other words, G* # G**¢ for all ¢ > 0, s0 ¥/ x(x) € Zxo. Then by remark 2.10,

Tr = SOL/KWL/K(«T)) = Z op

We also have that for any integer i < ¥k (z), G* = Gy, () C Gi, 50 V(z)% =
V(z)%". But the last term is zero because of proposition 3.26, so both are zero.
Now, if i > ¢z/x(2), then ¢ k(i) > z and by the same proposition, V(z)% =

V()¢ = V(z). Hence, we have that

iy, (V) V()% = {gimmu) iiiiizjiéiif

With this, noting that (V(z)) (y) = 0 for y # x, we can compute

Swan(V(z)) = z dimg, V Z Gil dlm]pA (2)/V(2)5").

>0 |

Since both sides are additive with respect to direct sums (c.f. remark 3.29) we
conclude, using as in the previous example the proposition 3.22, that

o

Swan(V Z d1 mg, (V/ V) = b(V).

[]

Note in particular that since b(V') is independent of the choice of the finite
quotient G, Swan(V) is also independent, as we mentioned in remark 3.21.
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4 Geometry

General references for this part are [SGA1], [SGA4] and [SGA4.5].

4.1 Etale fundamental group

Here we recall the construction of the étale fundamental group and some of its
properties. We assume that the reader is familiar with this topic, but we still give
some definitions and state some propositions for the sake of unity.

4.1.1 Etale morphisms

In order to define the étale fundamental group, we proceed as in algebraic topology,
where we can define the the fundamental group via the covering maps. Finite étale
morphisms will play the role of finite covering maps, and this will be our starting
point. First we give the local definition:

Definition 4.1. Let A be a ring (commutative and with 1, as always). An A-
algebra B is said to be étale if B is finitely presented as an A-algebra, and one of
the following equivalent conditions holds:

1. B is flat as an A-module and it is unramified, i.e. for each prime ideal q C
B over p C A, the natural map k(p) = A,/pA, — B,/pB, is a separable
extension of fields.

2. If B = Alxy,...,2,]/I is a presentation of B, then for all prime ideals p C
Alxy,...,x,] with p D I, there exist polynomials fi,..., f, € I such that

]P: (f17'-~>fn) CAI::El,---7xTL]]J

Of;
det (a%’)m ¢ p.

And now we give the global definition:

and

Definition 4.2. A morphism of schemes f : X — Y is étale if for any point
x € X with image y = f(z), there exist open neighborhoods = € V' = Spec(B) and
y € U = Spec(A) such that the induced restriction map A — B makes B into an
étale A-algebra.

Erxample 4.3. 1. Isomorphisms are étale. More generally, open immersions are
étale because they are local isomorphisms.

2. 0-dimensional case: let k£ be a field, and B a k-algebra. Then B is étale over
k if and only if B is isomorphic to a finite product of finite separable field
extensions L;/k, i.e. B =1]] L;.
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3. 1-dimensional arithmetic example: let A be a Dedekind domain with fraction
field K, and L/K a finite field extension with ring of integers B. Then the
A-algebra B is étale if and only if B is flat over A and unramified. Every such
extension is flat (because A is a Dedekind domain, so being flat is the same as
being torsion-free), so B is étale over A if and only if L/K is unramified.

4. 1-dimensional geometric example: consider the C-morphism Spec(Cly,y!]) —
Spec(Clz,z 1)) associated to x +— y*. Then, with the notation of the defini-
tion, A = C[z,z '] and the A-module structure on B induced by the morphism
is isomorphic to Clz, z7][2]/(f), where f(z) = 2> —x. Here, of course, z plays
the role of y, and we don’t write y just to make explicit that the isomorphism
is not canonical (z may be y or —y). Now, 5, = 2z, which doesn’t lie in any

p C C[z,z7'][2] containing (2? — x) because those prime ideals p correspond
to the prime ideals in the quotient, but in the quotient, 2z is a unit and hence
can’t be in any prime ideal. Therefore the morphism is étale.

5. One can similarly prove that the morphism

Spec(Q(4)[s, s7']) — Spec(Q(i)[t,t™'])
corresponding to t — st is étale. We will develop this example later.

Etale morphisms satisfy the following nice properties:

Proposition 4.4. Etale morphisms are stable under base change, composition and
fibered products.

For a proof, see for example [Liu02, Prop. 4.3.22]. We said that étale morphisms
will play the role of finite covering maps. Recall that for covering spaces we have
this proposition:

Proposition 4.5. Consider the diagram

where S is a locally connected topological space, p 1Y — S is a cover, X a connected
topological space, and f,g: X — Y two continuous maps such that po f =pog. If
there is a point © € X such that f(x) = g(z), then f =g.

For a proof and the definitions, see for example [Sza09, Prop. 2.2.2]. Now, we have
the analogous property for étale morphisms:

Proposition 4.6. Consider the diagram

p

X 7 Y
o
S,



where S is connected, p : Y — S is separated and étale, and f,g : X — Y are
two morphisms of schemes such that po f = pog. If there is a point x € X such
that f(z) = g(z) (not just topologically, but in the sense that the embeddings in the
residue fields are the same), then f = g.

For a proof, check [Sza09, Cor. 5.3.3] or, if we further assume that everything is
locally noetherian, [SGA1, Exp. I, Cor. 5.4].

4.1.2 Definition of 7¢(X,7) and first properties

Now we want to define the étale fundamental group of a connected (not necessarily
noetherian) scheme X. Let T : Spec(Q) — X be a geometric point (i.e. a morphism
with © an algebraically closed field), and consider the fibre functor Fibz from the
category of étale coverings of X (i.e. finite étale morphisms over X) to the category
of finite sets given by

Fibz : (Y — X) +— Homy (Spec(2),Y).

Note that we can identify Homx (Spec(£2),Y) with the finite set underlying the
geometric fibre Yz := Y X x Spec(2).

Definition 4.7. Let X be a connected scheme, and T a geometric point. The
(étale) fundamental group of X with respect to T, denoted 7¢'(X,7), is by definition
7 (X, 7) := Aut(Fibg).

Recall that an automorphism of a functor £’ : C — C' is a compatible collection
of isomorphisms {o¢ : F'(C) — F(C), o¢ is an isomorphism in C'|VC € C}.

In our case, C' is the category of sets, so for every finite étale map ¥V — X,
the isomorphisms oy are just permutations of Fibz(Y). Therefore our compatible
collection forms a projective system (all the axioms are automatically fulfilled) of
groups which are finite, since from proposition 4.6 it is not difficult to see that each
set Fibz(Y") is finite, which implies that its group of permutations stays finite. The
projective limit of this projective system is precisely 7 (X, T), so it is a profinite
group.

Remark 4.8. 1. In [SGA1], Grothendieck assumes that X is noetherian, but it is
not necessary: c.f. [Sza09, Def. 5.4.1] for example.

2. We don’t need that X is connected, but we impose the condition because in
this way, the isomorphism class of 7¢(X,7) doesn’t depend on the geometric
point (c.f. [Sza09, Prop. 5.5.1 and Cor. 5.5.2]).

FEzample 4.9. 1. If X := Spec(Q), then a geometric point T : Spec(£2) — Spec(Q)
corresponds with and embedding Q < €2, and the étale coverings correspond
with the finite field extensions K/Q (because Q is perfect and therefore all its
finite extensions are separable).

If we consider Q < Q(+/2), then Fibz(Spec(Q(v/2))) = Homg(Q(¥/2), Q) can
be identified with the three roots of 7% — 2 in €. Note that since Q(+v/2) is a 3-
dimensional vector space over Q, then Yz = Spec(Q(V/2)) Xspec(@) Spec(2) =
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|_|§:1 Spec(Q). Hence, as sets, they are isomorphic (i.e. they have the same
cardinality).

Finally, to give an automorphism of Fibz is the same as giving a compatible
collection of isomorphisms of finite field extensions K /Q for all finite extensions
K. Since they are compatible, they glue to an isomorphism of the algebraic
closure Q induced by Q — Q. In other words,

7w (Spec(Q), ) = Aut(Fibz) =2 lim  Autg(K) = Gal(Q/Q).
K/Q finite

2. The same argument works in general: the fundamental group of any field &
is isomorphic to its absolute Galois group, i.e. 7 (Spec(k),Z) = Gal(k*®/k),
where £k is the separable of k with respect to 7.

In the case of the fields, we know that any element in Gal(k*®?/k) can be deter-
mined by the Galois extensions of k contained in £°%, i.e. we have

7 (Spec(k),T) = Gal(k** /k) = lim Autg(K') = lim  Auty(k'),
kseP [k [k ksep k! [k
finite separable finite Galois

so instead of looking at all the finite separable extensions of £, it is enough to study
the finite Galois extensions. This makes the computations easier. In general, we
can do the same, but first we need to introduce the notion of Galois covering.

Definition 4.10. Let Y — X be a finite étale covering. We say that this is a
Galois covering if (i) Y is connected and (ii) Autx(Y") acts on Fibz(Y') transitively.
If Y - X is Galois, then we call Autx(Y') the Galois group of ¥ — X and we
denote it Gy-.

Remark 4.11. 1. Note that Autyx(Y") acts transitively on Fibz(Y") if and only if
|[Autx (Y)| = deg(Y/X).

2. f Y — X corresponds to a finite separable field extension L/K, then the
covering is Galois if and only if L/K is Galois.

3. If Y — X is a Galois cover, with both Y, X irreducible varieties over a field
k, then the finite field extension K(Y)/K(X) is Galois. The converse, in
general, is not true, because there can be some ramification in the extension
K(Y)/K(X) (and therefore the morphism ¥ — X would not be étale). How-
ever, we can fix this by imposing the ramification condition: ¥ — X is a
Galois cover if and only if K(Y)/K(X) is a finite Galois extension (this im-
plies that Y — X is finite and flat) which is unramified for all the valuations
in OX (X)

In the following example, which continues the last part of example 4.3, we com-
pute explicitly that the extension is (Galois.
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Erample 4.12. Consider the finite surjective étale morphism

Y := Spec(Q(i)[s, s '])

|s
X = Spec(Q(i)[t,t71])

corresponding to t — s*. We know that Y is connected, so in order to show that
this is a Galois covering we just need to show that given a geometric point T, the
group Auty (YY) acts on Fibz(Y") transitively. Consider the geometric point

7 : Spec(Q) — Spec(Q(i)[t,t 1))

given by the evaluation ¢ — —1. On the ring level, we have so far this setting:

Qs s st
] T
Qe—QUlLt"] -1t

and now we want to lift the geometric point Z, which means giving a diagonal
arrow such that the diagram commutes. This means that s* — —1, so the image
of s must be an 8th-primitive root of 1, i.e. s — {(s,¢3,¢3,¢l}. This gives us
Fibz(Y) = Homyx (Spec(Q),Y), which consists on the geometric points Ty ;, for
j=0,...,3.

The group Gy := Autx(Y) is given by the 0 : Y — Y such that foo = f. On
the ring level, this means that o* : Q(7)[s,s7'] — Q(4)[s, s™'] has to map s* — s*,
so the only possibilities are s — {s, —s,is, —is}. In particular, Gy = Z/47, where
the isomorphism is given by fixing a generator of Gy, for example of : s — is.

Finally, we see that the action of Auty(Y") on Fibz(Y") is transitive. This is easy,
because (T} 0 (05)7)(s) = 2+l = Ty ;(s) for j = 0,...,3, and similarly with the
other geometric points.

Alternatively, we can use the remark to conclude directly that the covering is
Galois, since [Autx (V)| =4 = deg(Y/X).

In the case of fields, given a finite separable extension K'/K, we know that there
exists a Galois closure L/K'/K. The following proposition is a generalization in our

case of study:

Proposition 4.13. Let f : Y — X be a connected étale cover. Then, there is a
morphism m : P — Y such that fon : P — X is a Galois cover. Moreover, if
P' — X is another Galois cover factoring through Y — X, then it factors through
P— X:
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A proof can be found in [Sza09, Prop. 5.3.9].

In the definition of a Galois covering we impose the connectivity condition be-
cause it allows us to use proposition 4.6. The idea is the following: first we choose
a geometric point T : Spec(€2) — X, and then for any P, Galois covering of X, we
choose a lift of the geometric point, say p, € Homx (Spec(?), P,). Then, the pre-
vious proposition tells us that this system is directed, and by proposition 4.6 there
is at most one map between ¢g, : P3 — P,. Then, we have a projective system of
Galois coverings (P,, ¢s,). This projective system contains the information of the
étale fundamental group:

Proposition 4.14. With the notation above,
ét =\ AU 1: op
T (X, T) = lgnAutX(Pa) .

Check [Sza09, Cor. 5.4.8] for a proof.

Erample 4.15. Let Y — X be a Galois covering of irreducible varieties, as in remark
4.11, part 3. Then, this proposition tells us that there is an isomorphism

Gal(K (X)“ /K (X)) = (X, 7),

where K (X)""" is the biggest extension of K (X) in K (X)** which is unramified for
all the valuations in Ox(X).

The étale fundamental group 7¢ (X, T) encodes all the information of the finite
étale covers of X, as we can see in the following deep theorem by Grothendieck:

Theorem 4.16. Let X be a connected scheme, and let T : Spec(2) — X be a
geometric point. The functor Fibg induces an equivalence between the category of

finite étale covers of X and the category of finite sets with a continuous left-action
of TH(X,T).

Note that we don’t assume that X is locally noetherian. A proof can be found in
[Sza09, Thm. 5.4.2].

We conclude the section with a few more properties about the étale fundamental
group. The proofs are in [KR15, Prop. 6.8], [Sza09, Prop. 5.6.1] and [SGA1, Exp.
XII, Cor. 5.2]:

Proposition 4.17 (Functoriality). If f : X' — X is a morphism of noetherian
connected schemes, and T : Spec(Q) — X' a geometric point, then f induces a
continuous homomorphism of groups

T (X', T) = 7, fT).
Theorem 4.18 (Homotopy exact sequence). Let X be a quasi-compact and geomet-

rically integral scheme over a field k. Let T : Spec(Q) — X be a geometric point,
which induces the extensions k/k*P /k. Then the exact sequence

1 — 7 (Xpoer, T) — 78X, T) — Gal(k*?/k) — 1

induced by the maps Xgsev — X and X — Spec(k) is ezact (note that here we abuse
a little bit the notation, since we denote by T both the geometric point of X and the
geometric point induced in Xyser ).
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Theorem 4.19 (Comparison). Let X be a connected scheme of finite type over C.
The functor (Y — X) — (Y — X) induces an equivalence of the category of
finite étale covers of X with the category of finite topological covers of X**. Conse-
quently, for every C-point T : Spec(C) — X, this functor induces an isomorphism

R (X5) & (X, 7),

where the left-hand side is the profinite completion of the topological fundamental
group of X with base point the tmage of T.

4.2 Cohomology of /-adic sheaves

The aim of this master thesis is to understand the Grothendieck-Ogg-Shafarevich
formula, which measures the wild ramification of an f-adic sheaf on a curve and
puts it in term of the Euler characteristic of the curve and of the f-adic sheaf. This
sentence is still too vague because we haven’t defined yet what an f-adic sheaf, or
its wild ramification or even its Euler characteristic is. Hence, we need to describe
what are /-adic sheaves. In this section we assume that our schemes are separated
and noetherian.

4.2.1 Etale cohomology

Let (ét/X) be the category of étale X-schemes with morphisms over X. Etale cover-
ings define a Grothendieck topology on this category (c.f. the beautiful description
in [Mum63, §1] or the more detailed approach in [Mil80, II. §1]). Recall that if
A is a ring, an étale presheaf of A-modules on X is just a contravariant functor
F:(ét/X) — (A-mod), and an étale sheaf is a presheaf that satisfies the sheaf ax-
ioms with respect to the mentioned Grothendieck topology. We denote the category
of étale sheaves over X by X.
If T : Spec(Q2) — X is a geometric point, then the stalk of F at T is

Spec(Q)—U

where the limit is taken over the étale neighbourhoods of T (indeed we can choose
a representative U for each isomorphism class to avoid set theoretical problems),
i.e. all the lifts of T to a finite étale covering U — X. If we assume that X is
connected, then the map F — Fz defines an equivalence between the category of
locally constant sheaves of sets (resp. abelian groups) with finite stalks on X and
the category of finite 78 (X, Z)-sets (resp. 7¢'(X,T)-modules). For a proof of this,
see for example [Mill13, Prop. 1.6.16].

Example 4.20. 1. If M is an A-module, the constant sheaf My is given by U
Mo,

2. The sheaf G, x is given by U — I'(U,G,(U)) = I'(U,Oy). It is easy to see
that it is indeed a sheaf, c.f. [KR15, Ex. 7.3, (b)].

3. The sheaf G,, x is given by U — I'(U, G,,(U)) = ['(U, Op)*.
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4. The sheaf p, x is given by the kernel of the multiplication by n on G, x. If n
is invertible in the ring R and the polynomial " — 1 decomposes in R[t], then
for any X an R-scheme we have a non-canonical isomorphism i, x = (Z/nZ) x
on Xg (c.f. [KR15, Ex. 7.3 (d)]).

Now we want to briefly introduce the notion of direct and inverse image in this
setting. Let 7 : X — Y be a morphism of schemes, and F a sheaf of A-modules on
Xét:

f

i

X —Y.

Then we obtain the direct image of F under m on Yy, denoted m,F, via 7, F(V) 1=
F(V xy X) for any étale morphism V' — Y in (é¢/Y). This definition of 7, defines
a left exact functor from the category of A-modules on X to the category of A-
modules on Y.

Now, if we have a sheaf G in Y,

g

i

X —Y,

we want to define an inverse image of G under w, #*G. This turns out to be the
left adjoint® of 7, i.e. Homx,, (7*G, F) = Homy., (G, 7.F). More concretely, if T is
a geometric point of X, then we have that (7*G)z = Groz). In particular, 7* is an
exact functor. Sometimes we use the restriction notation G|x := 7*G, because if 7
itself is étale, then 7*G coincides with the restriction of G to the category (ét/X).
This allows us to define the notion of locally constant sheaf:

Definition 4.21. Let M be an A-module. An étale sheaf 7 of A-modules on X is
said to be locally constant with stalk M if there exists a family {u; : U; — X} of
étale morphisms with |Ju,;(U;) = X such that F|y, = My, for all i.

We introduce one more functor, the extension by zero. Given j : U — X an
open immersion and denoting ¢ : Z < X the closed immersion of the complement,
we define the extension by zero of a sheaf of A-modules F on U by

NF = ker(j . F — 0,0% . F),
where the morphism comes from the right adjoint of the identity morphism
id: "  F — 0" ju F
via the adjunction formula. Locally, if T is a geometric point of X, this is just

[ F ifim@ e,
(3 F)z = { 0 ifim(7) € Z.

5The existence of such a left adjoint is a standard result in category theory: one can check
[Mil80, Prop. I1.2.2], which is proven in [HS71, Thm IX.5.1].
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In particular, j; is an exact functor from the category of A-modules on Ug to the
category of A-modules on X¢. We also have that it is left adjoint to j*, i.e. that
there exists a functorial isomorphism Homy,, (71, G) = Homy,, (F, 7*G).

Remark 4.22. The category of A-modules on Xy is abelian. For this, check [Stacks,
Tag 03D9], where the ringed site is given in our case by the site X, and we take
as the sheaf of rings the constant sheaf associated to A. Moreover, it has enough
injectives: check [Stacks, Tag 01DU]. Hence, we are able to define higher direct
images of of sheaves (and in particular, cohomology).

Definition 4.23. Let k be a perfect field, and f : X — Y a k-morphism between
schemes of finite type over k. Let F be a sheaf of A-modules on X, and let F — Z°
be an injective resolution. Then, the i-th higher direct image of F under f is the
1-th right derived functor of f,:

R'f.F = H'(f.I*).

Let’s choose a compactification of f (using Nagata’s theorem, c.f. [Liit93, Thm.
3.2]), i.e. a proper morphism f : X — Y together with a dominant open immersion
j: X < X such that f = f o j. Then, we define

RfF := R f. i F.

Remark 4.24. If k is an algebraically closed field and 7 : X — Spec(k) is the
structure morphism of X, then R'm, F coincides with the i-th right derived functor of
the global section functor I'(X¢;, —), i.e. R'm,F = R (['(Xy, —))F. This motivates
the following definition:

Definition 4.25. Let £ be an algebraically closed field, X a k-scheme and F a sheaf
of A-modules on X. We define the étale cohomology as

H' (X, F) := R'm.F,
and the étale cohomology with compact support, given by
H{(Xg, F) := H (Xoot, 1 F) = R'mF.

Remark 4.26. Etale cohomology works nicely when A is assumed to be a torsion
ring. For example, if X is a nonsingular variety over C, we have the isomorphism

H' (X, (Z/nZ)x) = H:

sing

(X" Z/nZ),

where in the right hand side we consider the singular cohomology of X considered

as a complex manifold with coefficients in Z/nZ (c.f. [Mil13, Thm. 21.1]). But this

is no longer true if we consider, for example, A = Z, = limZ/("Z (c.f. [FK88, L.
<—

§12]. Nonetheless, we have the following isomorphism:

lim H' (X, (Z/0"7) x) = H]

sing

(X, Zy).

n
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This motivates us to look not just to sheaves, but to projective systems of sheaves.
We make this precise when we define the notion of constructible Z,-, Q- and Q-
sheaf, see definition 4.29 and the next ones below, and will lead us to the definition of
{-adic cohomology, which is a projective limit of étale cohomology. Recently, Bhatt
and Scholze developed in [BS15] the notion of pro-étale topology for schemes, which
is a new site that allows to define the pro-étale cohomology. With this cohomology,
we have the isomorphism

Hi(XPTOét7 (@)X) = H;ing(Xana@)a

but we will not follow this recent development and we will just stick to the classical
setting.

4.2.2 Constructible sheaves and /-adic cohomology

In this section we extend the notion of étale sheaf.

Definition 4.27. Let A be a noetherian ring which is torsion (i.e. mA = 0 for
some m > 0) and F a sheaf of A-modules on Xy. Then we say that F is con-
structible if there exist finite type A-modules M;, ..., M, and locally closed subsets
Xq,..., X, C X such that

e The scheme X is a disjoint union of the X;, i.e. X =] |, X;.

e The restrictions F|x, are locally constant with stalks AZ;.

Remark 4.28. The notion of constructible sheaf generalizes the notion of locally
constant sheaf. We do this generalization because in this way, the pullback of a
constructible sheaf is again constructible (because this is still true for locally constant
sheaves: if we consider the pullback of My along the morphism 7 : X — Y, we
obtain 7* My = My, c.f. [KR15, Ex. 7.4]), and more distinctively, the pushforward
under a proper morphism of a constructible sheaf is again constructible (c.f. [SGA4,
Exp. XIV, Thm. 1.1}), something which is not true for locally constant sheaves (c.f.
[KR15, Ex. 7.4]).

Definition 4.29. Let X be a scheme, and R a complete local discrete valuation
ring with maximal ideal m with residue field of characteristic £ > 0.

1. A constructible R-sheaf on X is a projective system of R-modules F = (F,)n>1
on X such that:

e Each F, is a constructible R/m™module on X¢; such that m” - 7, = 0.
e LFor all n > 1, ./—"n = fn—&—l ®R/m"+1 R/m”

2. A lisse R-sheaf on X is a constructible R-sheaf F = (F,,) such that each F,
is a locally constant sheaf of R/m"-modules.

FEzample 4.30. 1. Let R = Z,. The projective system given by (Z/{")x for each
n gives us a lisse Z,-sheaf. We write Zy x := ((Z/0")x)n, and we call it the
constant lisse Z,-sheaf. This shouldn’t be confused with the constant sheaf
(Zy) x. If X is a scheme over a ring containing all ¢"-roots of unity, and there
are precisely ¢ of them, this sheaf coincides with Z,(1) := (fn x)n-

33



2. Let R be as in the definition, let ny be a natural number and F a locally
constant sheaf of finitely generated R/m™-modules on X4. Then we see it as
a lisse R-sheaf by defining F, := F for n > ng, and F, := F @g/mno R/m" for
n < ng.

Note that given two constructible R-sheaves F = (F,,) and G = (G,,), we have a
morphism
Hom(Fpt1, Gnt1) = Hom(F, Gr) © 0 = 0 @ R/m”,

so we can take the projective limit in order to define morphisms between con-
structible R-sheaves:
Hom(F,G) := limHom(F,, G,).
—

This makes the category of constructible sheaves abelian (c.f. [SGA5, V, Thm.
5.2.3)).

Remark 4.31. We have defined constructible R-sheaves for R a complete discrete
valuation ring, but we will need different coefficient rings when we work with co-
homology. Hence, we are going to define the notion of constructible E-sheaf, with
E/Qq a finite field extension, and constructible Q,-sheaves in a similar way.

Definition 4.32. Let X be a scheme and £ an invertible prime on X, and fix an
algebraic closure Q, of Q.

e A constructible E-sheaf, where E/Q, is a finite field extension, is a con-
structible Og-sheaf F, but we denote it like 7 ®o, E. The reason for this is
because we define the morphisms to be

HOHI(./_" ®(9E E, Q ®OE E) = HOHI(F, g) ®0E E,
which means that we identify to morphisms if both are equal after localizing
with respect to — ®p, .
We say that a constructible E-sheaf F ® E is lisse if there exists an étale
covering {U; — X} and lisse Og-sheaves F; on U; such that F|y,Q F = F,®QF.

o A constructible Q,-sheaf is an object of the category which consists of the
colimit of the categories of constructible E-sheaves for all the finite extensions
E/Qq. More precisely, if we have two finite field extensions E’/E/Qy, there is
a natural functor from the category of constructible E-sheaves to the category
of constructible E’-sheaves, given by

f@@E F— (.F ®@E E) R E, = .F(X)OE, E,,

and therefore we can take the inductive 2-colimit. This 2-colimit is the cate-
gory of constructible QQ,-sheaves.

Finally, lisse @é—sheaves are those which étale locally are of the form F ®p @g,
with F a lisse E-sheaf.
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Convention 4.33. We will say that A is an ¢-adic coefficient ring if it is either Qy,
a finite extension E of Qy, or equal to O or Og/m™ for some n > 1. In this way,
in the above setting we can talk about constructible A-sheaves. Note that we can
write any constructible A-sheaf as (F,,) ®co, A for some finite field extension £/Q
and (F,) a constructible Og-sheaf.

Before defining the /-adic cohomology, let’s extend the definitions of the push-
forward of a sheaf and of constant sheaf for an arbitrary f-adic coefficient ring A:

Definition 4.34. Let F = (F,) ®o, A be a constructible A-sheaf over X, and let
7 : X — Y be a proper morphism. Then 7, F := (1.F,) ®o, A.

Remark 4.35. The pushforward of a constructible sheaf under a proper morphism
is again constructible.

Definition 4.36. Let A be an [-adic coefficient ring, X a scheme as before such
that ¢ is invertible on X. Let F = (F,,) ®o, A be a lisse A-sheaf, with E/Qy finite.

1. If A= Og, then we say that F is constant if there exists a finitely generated
Op-module V such that (F,) = ((V ®o, Or/m")x) as projective systems. In
this case, we write F = Vx.

2. If A = E, we say that F is constant if there is a finite dimensional vector
space V over E and an Opg-lattice V C V such that F = Vx ®p, £ as before.
Note that as an E-sheaf, it only depends on V' up to isomorphism, so we write
F: VX-

3. If A = Qy, we say that F is constant if we can write it as F = (Vg)x @5 Qq. It
is again independent of all the choices up to isomorphism, so we write F = V.

Definition 4.37. Let X be a separated k-scheme of finite type, where £ is an
algebraically closed field of characteristic p > 0, and let A be an ¢-adic coefficient ring
(with £ # p). Let F be a constructible A-sheaf on X, so that we can find a complete
discrete valuation ring O such that A is an Og-algebra and F = (F,,) ®o, A, with
(Fn) a constructible Og-sheaf. Then, we define the i-th étale cohomology group of
F as

Hi(Xy, F) = (1131 Hi(Xét,fn)) R0, A,

where each H*(Xy, F,) is an Op/m™module, so the group H'(X, F,) is the one
from definition 4.25. Similarly, we define the cohomology groups with compact
support of a constructible A-sheaf F as

HY(Xa, F) = (lim Hi(Xar, ) ) @0, A

This definition is independent of the choice of the complete discrete valuation ring
Op and the constructible Og-sheaf (F,,) (c.f. [SGAb, pp. VI, 2.2]).

Remark 4.38. With this definition, in the situation of remark 4.26, we get the iso-
morphism . _
H'(Xe,Zyx) =2 H

sing

(X", Z,).
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4.2.3 Some properties of /-adic cohomology

Here we list some more definitions, properties and theorems of ¢-adic cohomology
that we will use later. As usual, schemes are still assumed to be separated and of
finite type over a field k.

Remark 4.39. Let k be an algebraically closed field, f : X — Y a morphism of
k-schemes, A an f-adic coefficient ring and F a constructible A-sheaf on Xg;.

1. The A-modules H*(Xy, F) and H'(X¢, F) are finitely generated (c.f. [SGAS,
Exposée VI, 2.2] or [Full, Thm. 9.5.2]).

2. A short exact sequence 0 — F' — F — F" — 0 of constructible A-sheaves
induces a long exact sequence of cohomology

v = HY( X, F) = H' (X, F') = HTY (X, F) — -+,
and the same holds true if we replace H' by H? (c.f. [KR15, Par. 8.1.2]).
3. If f: X — Y is finite, then H (X, F) = H Yy, f.F) (c.f. [op. cit.]).

4. Assume that X is proper, j : U — X an open embedding with complement
i : Z — X. Then there is a long exact sequence

oo = Hi(Ug, j*F) = H' (Xe, F) = H'(Zey, ©* F) — H (U, j°F) — -+,

which is induced, if we write F = (F,) ®o, A, by the exact sequences 0 —
N Fn — Fn = 005 F, — 0 (c.f. [op. cit.]).

5. If X is affine, then H'(Xg, F) = 0 for all 7 > dim X, see [SGA4, XTIV, Cor.
3.9

6. In general, if X has pure dimension d, H (X, F) = 0 for 7 > 2dim X (see
[SGA4, X, Cor. 4.3]).

Definition 4.40. Let X be a proper separated scheme over an algebraically closed
field k£, and let 5 : U — X be an open subset of X with complement i : 7 — X.
Let F be a constructible A-sheaf, where A is an ¢-adic coefficient ring.

e If Ais a finite ¢-adic coefficient ring (think of Op/m”, with n > 1), we define
the cohomology with support on Z as follows: let j*F — 7*F be the identity
morphism, which corresponds via the adjunction formula to F — 7,7*F, and
now we pullback this morphism to Z so we obtain *F — *j,j*F. Define

i F = ker(i* F — i*5,5*F),

which defines a left exact functor T'z(Xg, F) := ['(Zg,i'F). Then, the coho-
mology with support in Z is defined as

H, (X, F) := RTz(Xg, F).
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e If Ais a general (-adic coefficient ring, the we write F = (F,) ®o, A and set

Hi (X, F) = (liin H;(Xét,fn)) R0, A.

Remark 4.41. In the same setting as in the definition, we have an exact sequence
v HY(X g, F) = H'(Ugy, Fly) = HS N (Xg, F) — -+

see [KR15, Par. 8.1.2].

Recall that we defined in example 4.20 the sheaf » x on X¢;, and now we want
to use it in order to define the Tate twist of a constructible sheaf.

Definition 4.42. Let X be a scheme, and define, for i > 0, the sheaf Z/¢™(i) on
X4 given by
U= pn x(U) @zyen -+ @zyon pien (U),

and for ¢ < 0, we have that the sheaf Z/¢" (i) is given by
U — Homy (Z/"(—i)|y, Z/"|v).

Now, if A is an f-adic coefficient ring and F a constructible sheaf, then he i-th Tate
twist of F, F(i), is defined as follows: we write F = (F,) o, A, where O is a
complete discrete valuation ring finite over Z, and (F,) is a constructible Og-sheaf.
The F, are not just Op/m"-modules, but also Z/¢™-modules on X. Hence, we
define 7, (2); U — Fo(U) ®z¢» Z/0"(i)(U), and

F(i) == (Fali)) ®oy A.
This definition doesn’t depend on the choices.
Remark 4.43. 1. If F is lisse, so is F (7).
2. We have F(i)(j) = F(i + j)-

Definition 4.44. If F is a constructible A-sheaf for some ¢-adic coefficient ring A,
then we define the dual of F, denoted F, as follows: first we write F = (F,,) ®o, A
as usual, and then FY := (Hom(F,, Og/m")) @0, A. Here Hom(F,, Op/m") plays
the role of 7, and as usual (F,/) denotes the limit.

Theorem 4.45 (Poincaré duality). Let X be a smooth k-scheme of pure dimension
d, k a perfect field of characteristic p > 0 and k an algebraic closure of k. Let £ # p,
A an l-adic coefficient ring and F a lisse A-sheaf. Then for oll © € Z, there is a
natural (i.e. functorial in F) and Gal(k/k)-equivariant isomorphism

H* (X @ Ber, Y (d)) = HI((X @4 F)er, F)",
where H (X @ k), F)¥ := Homy (H((X @k k), F), A).

A proof can be found on [Full, Cor. 8.5.3], [KR15, Thm 8.4] or [Mill3, Thm. 24.1].
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Definition 4.46. Let X be an (as usual, separated of finite type) smooth k-scheme,
and let f : X — X be a k-morphism. Let ['; be the graph of f and Ay the diagonal.
Then, the degree of the intersection product I'y - Ax is

(- Ax)i= > length(Ox./Iy),

l?EFfﬁAX

where Iy C Ox , is the ideal generated by the elements a — f*(a) in Ox, (note that
if r € Ty N Ay, f induces an endomorphism of Ox ,).

Theorem 4.47 (Lefschetz trace formula). Let X be a smooth projective scheme
over an algebraically closed field k of characteristic p > 0, and let £ # p be a prime
number. Let f : X — X be a k-morphism, and assume that the intersection scheme
'y N Ay is either empty or zero dimensional (i.e. Ty and Ax intersect properly).
Then,

(- Ax) = 3 (=1 Tr(f [H (X, Qo).

A proof can be found in [SGA4.5, Cycle, Cor. 3.7].

Definition 4.48. We say that a group G acts on a scheme X if there exists a group
homomorphism G — Aut(X). We say that G acts admissibly on X if X is a union
of open affines U = Spec(A) such that the action of G restricts to an action on U.

Remark 4.49. If G is finite and X is a quasi-projective scheme over an affine scheme,
then G acts admissibly (c.f. [SGA1, V, Prop. 3.1]).

If G acts admissibly on X, then we can form the quotient 7 : X — X/G by
glueing the schemes U/G := Spec(A%). Then, Hom(X, Y)Y = Hom(X/G,Y) for all
schemes Y.

Definition 4.50. Let GG be a finite group acting admissibly on X, and let F be a
sheaf of A-modules in X; together with morphisms

Flo): F—>0o'F, oc€CG

such that F(lg) = idr and F(o1) = 7*(F(0)) o F(r). Then we say that F is a
sheaf with G-action on X.

Remark 4.51. If 7 : X — X/G as above, then by the adjunction formula we have
morphisms o,F — F, and we can push forward in order to obtain m,0,F — m,F.
But note that moo = 7, so if we equip X/G with the trivial action of G, we get that
G acts on m,F. This allows us to define the sheaf of G-invariant elements (m,JF)%
as follows:

Definition 4.52. In the above situation, we define the sheaf (m,F)¢ on (X/GQ)e;,
whose sections for U — X/G étale are given by

(mF)6(U) ={a € F(U xx,6 X)| F(o)(a) = a for all o € G}.

We now extend the definition to constructible A-sheaves, where A is an (-adic coef-
ficient ring.
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Definition 4.53. Let X be a scheme and ¢ an invertible prime on X, and let F be a
constructible A-sheaf on X, so we can write F = (F,) ®o, A for some constructible
Opg-sheaf (F,). Then, we say that a finite group G (with the trivial action on
X) acts on F if we can choose (F,) such that the F, form a projective system of
Ogp|G]-modules. Then, we define the sheaf of G-invariants F¢ by

.FG = (.FT?) ®@E A

Proposition 4.54. Let k be an algebraically closed field, X an integral k-scheme,
E/Qq a finite extension and F a constructible E-sheaf on X. If there is a finite
group G acting on F, then

H' (Xg, FO) = H (X, F)C.

This is proved in [KR15, Lem. 8.8], for example.

4.3 Wild ramification of an /-adic sheaf

In this section, & will still be a perfect field of characteristic p, £ # p a different
prime and A an /-adic coefficient ring. In this section we want to define the wild
ramification on a point x € X of an f-adic sheaf F, which is measured by a number
Swan,(F) that will appear in the Grothendieck-Ogg-Shafarevich formula. The idea
to define this number is to relate lisse A-sheaves with representations of 7¢(X,7)
and then use the machinery already developed to talk about wild ramification.
Given a connected scheme X with a geometric point Z, an ¢-adic coefficient ring
A and a constructible A-sheaf F on X, we can find a complete discrete valuation
ring Op such that F = (F,) Qo, A. If T : Spec(2) — X is a geometric point, then

we define the stalk of F at T as JF5 := <1im ]-"mf) ®o, A
—

Remark 4.55. If F is a lisse sheaf, then F; is a finite type A-module. This comes
from the fact that F z is finitely generated, and after lifting the system of generators
and tensoring with A, we are done, c.f. [KR15, p. 7.1.10].

We say the a lisse A-sheaf F is free if its stalks are free A-modules.

Definition 4.56. Let M be a finitely generated A-module (it will play the role of
Fz), which has the induced f-adic topology from A, and let X be a (separated,
noetherian) connected scheme with a geometric point 7 : Spec(Q) — X. If A # Qy,
an A-representation of m¥(X,T) is a continuous group homomorphism

(X, T) — Auty(M).

If A= Qy, then a Q;-representation of 7¢(X,7) is a continuous group homomor-
phism py : 7f*(X,T) — Autg, (V) coming (via base change with — ® Q) from an
E-representation of 7¢ (X, T), where F/Qy is a finite extension.

Theorem 4.57. Let X be a connected scheme and T a geometric point. Let A be
an L-adic coefficient ring. Then, the functor F ~» Fz induces a natural equivalence
of categories between

(lisse A-sheaves on X) — (A-representations of 77 (X, Z)).
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Furthermore, let m : X' — X be a finite Galois cover with Galois group G. Then,
the functor induces another equivalence between the subcategories

(lisse A-sheaves on X, constant on X') — (finitely generated A[G]-modules).

In this case, the inverse 1s given by
(W*MXI)G e M.

The action of 7{(X,T) on F is as follows: once we fix an inverse system of finite

Galois coverings of X over 7, denoted (P,,p,), then any element o € 7 (X, 7) =
lim Aut(P,) is the same as a compatible system of automorphisms of (P, p,)
—

fixing 7. Let U be an étale neighbourhood of z. Then, for every «, we denote o7, :
F(P,) — F(P,) the automorphism of the compatible system, and U, := U xx P,
the fiber product. Then we have

FU) —— F(U) 2 FU,) —— Fo,

which forms a compatible system, and taking the limit over all the étale neighbour-
hoods U of T gives us the action o* : Fz — Fz A proof of this theorem can be
found in [KR15, Thm. 7.13].

Remark 4.58. In the situation of the second part of the theorem, recall that if A
is infinite and M a finitely generated A[G]-module, then there exists a complete
discrete valuation ring Op finite over Z; and a finitely generated Og-module N such
that M = N ®o, A. Then, M corresponds to

((W*NX/)G Koy (’)E/m") Rog A <~ M.

Now, we have all the tools to define the wild ramification. In order to make
things easier, we are going to restrict now to the situation of the Grothendieck-Ogg-
Shafarevich formula and we will fix some notation:

o We will work with C' a smooth proper and geometrically connected curve over
a perfect field k£ of characteristic p > 0, and U will be an affine open subset of
C' (any non-trivial open subset will work).

e We fix ¢ # p a different prime number.

e We denote K := k(C) the function field of C, and we fix an algebraic closure
K of K. Let 1 : Spec(K) — C be the generic point of C and 7 : Spec(K) — C
the geometric point corresponding to the chosen algebraic closure. We denote
by K*¢ the separable closure of K in K.

e Given a closed point z € C, K, will denote the completion of K with respect
to the valuation corresponding to x, and for every x we choose an embedding
Ly : K°P — K3 over K. Here K} denotes a separable closure of K.
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e The absolute Galois group of K will be denoted by G := Gal(K**?/K), and for

a closed point z € C' we write D, for the decomposition subgroup of G with
respect to ¢y, i.e. the image of the inclusion Gal(K;?/K,) — Gal(K*?/K).
We denote by P, C I, the wild inertia and inertia subgroup respectively.

Definition 4.59. Let A be an /f-adic coefficient ring and F a free lisse A-module
on U. By theorem 4.57, F corresponds to a representation of 7¢*(U,7), namely
Fi. Since 7{(U,7) = Gal(K*"(U)/K(U)) (see example 4.15), there is a natural
surjection G — m{*(U,7), so we obtain a G-action on JF;

G — (U, 7) — Aut(F).

Since P, is a pro-p-group, lemma 3.18 tells us that the restriction of this action
factors over a finite quotient of P,. Therefore we have a break decomposition of the
P,-representation Fz, and we can define its Swan conductor, denoted Swan, (F):
this is the wild ramification of F at the point x.

Remark 4.60. Here we state and recall some facts, c.f. section 3.2.2:

1.

Although P, depends on the chosen embedding ¢, : K% — K% Swan,(F)
doesn’t, because a different embedding leads to a conjugate in G, and then we
get isomorphic break decompositions.

If A— A’ is a homomorphism between (-adic coeflicient rings, then

Swan, (F) = Swan, (F @4 A').

The wild ramification of F at a point x is a non-negative integer, i.e.

SW&H$(.F) € ZZO

. We can see 7é(U,7) as the quotient of Gal(K*?/K) by the smallest closed

normal subgroup containing I, for all z € U, because we don’t admit ramifica-
tion on U. Hence, I, (and in particular P;) acts trivially on 75 for all z € U.
In particular, Swan,(F) =0 for all z € U.

. For any exact sequence of free lisse sheaves 0 — F' — F — F” — 0, we have

Swan, (F) = Swan, (F') + Swan, (F").

If 7 € C @ k is a point above € C, then Swang (Flyq,5) = Swang(F) (c.f.
[KR15, Lem. 9.2]).

We are now in conditions to state the Grothendieck-Ogg-Shafarevich formula
and prove it.
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4.4 Grothendieck-Ogg-Shafarevich formula

In this section we also fix the situation and the notation of the previous section.
The Grothendieck-Ogg-Shafarevich formula measures the Euler characteristic of a
lisse Q-sheaf on a curve U via its rank and its wild ramification. First, recall the
definition of the compactly supported Euler characteristic:

Definition 4.61. Let F be a Qu-sheaf on U, and let U := U ®; k. The compactly
supported FEuler characteristic of F is

X (U, F) = i:(—nidim H{(Ug, F),

i=0
where we abuse notation and write F instead of F|g.

Remark 4.62. Note that H?(Ug, F) = 0, since the extension by zero of F to the
compactification C' doesn’t have any non-zero global section. The alternate sum
goes until 2 because of the vanishing theorems of étale cohomology. Hence,

X (U, F) = —dimg, H (U, F) + dimg; H; (U, F).

Theorem 4.63 (Grothendieck-Ogg-Shafarevich formula). Let F be a lisse Qq-sheaf
on U. Then,

X (U, F) = tk(F) - X(U,Q¢) = Y [k(x) : k]Swan, (F).

zeC\U

We prove the theorem in several steps following the ideas of [KR15].

Step 1. Tt is enough to consider the case k = k. Indeed, given a closed point
x € C, the number of points T € C ®y, k above x is precisely [k(x) : k]. Hence, since
Swang(F) = Swan,(F),

so from now on we assume that k = k and we get rid off the bars, i.e. we want to
prove

Xo(U, F) = tk(F) - Xo(U) = Y Swan,(F),

where X (U) := X (U, Q).
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Step 2. We want to change the f-adic coefficient ring (until now, we are working
with a lisse Q-sheaf) in order to use more tools, and for this we need to extend the
notion of compactly supported Euler characteristic for an arbitrary ¢-adic coefficient
ring A. Given F, first we see that we can build in a functorial way a two term
complex of A-modules that will encode the cohomology of F, and we will use this
complex to define the Euler characteristic.

Lemma 4.64. Recall that k = k. Let A be an (-adic coefficient ring and F a lisse
A-sheaf on U. Then there is a functor from the category of lisse A-sheaves to the
category of complexes of A-modules

C(=): F~wCF)==0>CYF) = C*F)—=0—--.
with the following properties:
1. HY(U,F) = H'(C(F)) for alli.
2. If F is free, then C*(F) is a free A-module of finite rank.
3. The functor C(—) is exact.

4. If F is free and A — A’ is a morphism of (-adic coefficient rings, then we
have an isomorphism

C(F)@u A= O(F @4 A).

Proof. One defines the A-modules of the complex by choosing a closed point P € U
and setting C*(F) := H'((C'\ P)a, (iF)|evp) and C*(F) := H®(Pa, (i F)(—1)|p),
where j : U — (' is the inclusion. One uses tools from étale cohomology in order to
prove the theorem, check [KR15, Lem. 9.3] for the details.

O

Hence, we can extend the definition of the compactly supported Euler charac-
teristic of free lisse sheaves F to arbitrary ¢-adic coefficient rings via

Xe(U, F) := —1ka(C'(F)) + rka(C*(F)),
and we have the following corollary:

Corollary 4.65. In the situation of the lemma, if we assume that F is a free lisse
A-sheaf, we have:

1. If H(Ug, F) is a free A-module for i = 1,2, then

X (U, F) = (~1)'rkaH(Ua, F).

2. If A — A" is a morphism of {-adic coefficient rings, then
X (U, F) =X (U, F@4 A").
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3. If0—=F — F = F'"— 0 is an exact sequence, then

X (U, F) =X (U, F') + X (U, F").

Hence, going back to the formula that we want to prove, note that the lisse
Qg-sheaf F comes from a free Op-sheaf F/, where Oy is as usual the ring of integers
of a finite field extension E/Qy, via F = (F' ®o, E) @5 Q. Hence, from remark
4.60, it is enough to prove the formula for A = F, the residue field of F and F
a lisse IFy-sheaf. This is a reduction because now F corresponds to a continuous
homomorphism 7{*(U,7) — GLyu(7)(F»), and the target is a finite group. Let’s see
how can we obtaln benefit from thls in the next step:

Step 3. Now we describe Swan,(F) more explicitly. The idea is to consider a
(finite) Galois cover of U that trivializes F, and then we put it in terms of the Swan
representation (c.f. 3.1) of the Galois group of the cover.

First, note that if F is a lisse Fy-sheaf, then it corresponds to a continuous
homomorphism 7¢ (U, 7) — Aut(}" ) = GLy(r)(Fy). The target is a finite group, so
we have a finite group with a 7¢!(U,7) action. This corresponds, via theorem 4.16,
to a finite Galois covering (it is not just an étale covering because the finite set is
itself a group, and hence the subgroup corresponding to the cover is the kernel of a
group homomorphism: hence it is a normal subgroup and the covering is Galois)
trivializing 7: indeed, 7{'(U’,7) is precisely the kernel of 7¢(U,7) — Aut(F), so
the restriction to U’ ]-'\U/ is constant.

Let Gy denote the Galois group of this cover. We can extend the morphism
U — U to " — C, but this one will not be in general a Galois cover since
there might be some ramification at C' \ U’. In order to understand this ramifi-
cation, we can use the Swan conductor to measure it: given 2’ € C'\ U’ above
x € C\ U, consider the decomposition group Gy of Gy at ', which cor-
responds to the Galois extension k(C'),/k(C), (that is, the completions of the
function fields). By theorem 3.13, there exists a finitely generated and projective
Z¢|Gyr o ]-module Swg,, ,, underlying the Swan representation of Gy, We con-
sider the induced representation with respect to ¢y : Gy — Gy and denote it
Swa,,, = Ind,, (SWGU,,T,) = SWaG,, 0 ®2(Gyr ) Z[Grr]. We denote its character by
SWGy - This measures the wild ramification of F at x:

Proposition 4.66. Let swe,, = denote the character of the above representation.

1. If U" = U is a Galois cover trivializing F, then, for all closed points x € C,

Swan, (F |GU’ Z sWay,, (o) - Tr(o™| Fy).

oGy

2. With the same notation,

SW&HQC (JT") = dlm]FA HomF,\[GU/](SWGU/@ ®Z[ IF)\, .Fﬁ)
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3. The character swg,, 15 given by

Z (1 o iG[i’,y (0))7 ZfU 7£ 1,

yHa:
a(y)=y

> +Uy(@()'/c))> — |G|, ifo=1.

Yy—x

swa,,, ,(0) =

Recall that ig,, (o) = vy(o(a) — @), where o is a local parameter of k(C'),.
The different D¢ is just the different of the ring of integers of the extension
kE(C")y/k(C)g, c.f. [Ser79].

In particular, the definition of Swg,, —doesn’t depend on the choice of z'.

Proof. Along the proof, we denote G := G to make the notation easier. We start
by proving the third part. Since 1 : G, — G is injective, the character of the
induced representation is given, according to definition 3.6, by

1
swg, (0) = Z swe,, (o™ 1),

’GII‘ TEG

TJT_IEGII

where swg_, is the Swan character of G given by

SWa,, = GG, — UG,

c.f. definition 3.11 (note that the extension is totally ramified since the base field is
after step 1 assumed to be algebraically closed).

e Case 0 # 1: we have that
ot €EGy & Tor M () =2 S o(rT (@) =77N(d) & 0 € G,
and also that
S (ror 1) = SWG_ 1,1, (0),

because we can see Swg , and Swg as terms of the direct sum Swg =
T

—l(zl)
®D.cc/c, Swa, ., and here we have that

SWa, (tor™!) = swg(tor™!) = swa(r7tr0) = SWGTil(I,)(O'),

where we use the fact from linear algebra that the trace function satisfies
Tr(AB) = Tr(BA). With this, we have that

1
SWa, (O-) = |G ,| Z SWfol(mr) (O-)

TeG
G o130

Since G = Auty (U'), G acts transitively on the points over . Hence we have
a bijection G/Gy +— {y € C'|y — x}, so we get

swe, (0) = Z swa, (0).

y'—)iﬂ
o(y)=y

Finally, since for o # 1 we have that a¢, (o) = —ig,(0) and ug, (o) = —1, we
obtain the formula.
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e Case 0 = 1. In this case,

1 _ G
o) =g X swa,(rir ) = s, (1) = Y swa, (1)
z TEG T
Tlr=leG,,

:;: ((gjlmy ) (G, !—U)

By [Ser79, TV, Prop. 4], Zgﬂ ic,(0) = vy(Deryc), and by the above bijection
>z |Gyl = |G|, so we obtain the formula.

For the second part, note that Swan,(F) = Swan,(F ®o, Fy), and the Swan
conductor coincides with the b(—) invariant, so we get that

Swan, (F Qo Fa) = b(Res, , (F7 @0, Fa))
= dlmF/\ Hompk[g](SWGz, ®Z€ IF)\, RGSLZ, (.Fﬁ ®@E IF)\)),

where Res, , is the restriction with respect to the inclusion ¢,». Now using that Ind, ,
is a left adjoint to Res, ,, we get the formula.
Finally, for the first part, recall from remark 3.21 that

dimg; Homg; ¢ (SWGI ®z, Q¢, F) = dimp, Homp, j¢1(Swq, ®z, Fi, F5),

so we can stay in the zero-characteristic case. Here, for two f-adic Galois represen-
tations Vi, V5 with characters X, X2, we know that

dimg; Homg;1(Vi, V2) = (X4, Xz2) = @l le HXo(o

so applying this to V; = Sw, and V5 = F; we get the equality, since swg, (07!) =
swq, (0) by the above computation.
O

Hence, having a Galois cover trivializing F allows us to describe explicitly
Swan,(F). In the next step, we are going to see the representation over a finite
extension £/Qy, something that will allow us to use some facts from representation
theory.

Step 4. The Grothendieck-Ogg-Shafarevich formula, using the functor C'(—) from
lemma 4.64, looks at this point like this:

rkp, (C*(F)) — kg, (C'(F)) = tkp, (F) - X (U, Q) — Z Swan,, (F).

Since F is trivialized by U’, theorem 4.57 tells us that F corresponds to a finitely
generated Fy[Gyr]-module. Now let Ry, (Gyr) denote the Grothendieck group of the
category of finitely generated Fy[Gy]-modules. Let E/Qy be a finite extension with
ring of integers Of and residue field .
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Lemma 4.67. There is a group homomorphism d : Rg(Gyr) — Ry, (Gyr) which is
a surjection.

Proof. The homomorphism is constructed as follows: to give an E[Gyr]-module
V' is the same as giving an FE-representation of Gy, i.e. a group homomorphism
Gy — GL(V). But by lemma 3.16, this map factors through a representation V
over Og such that V ®e, £ =V:

Gy — GL(V) — GL(V),

and tensoring with F, we obtain the Fy-module. One checks that this doesn’t depend
of the choice of V. The surjectivity is not so easy, but in [Ser77, Ch. 17] there is a
proof. Here we omit it.

m

Hence, if we prove for a lisse sheaf of E-modules F that

tkp(C*(F)) — tkp(CH(F)) = rkp(F) - X(U,Qe) — Y Swan,(F),

we will be done, because the map d is a surjective group homomorphism. Hence,
now our situation is the following: we have a lisse FE-sheaf of rank r trivialized by
the Galois covering 7 : U' — U, so if we denote V := F5, we have by theorem 4.57
that F & (7, V)0 and 7 F = Vi, where Vi denotes the constant lisse E-sheaf
on U'.

In the next step, we will see how can we benefit from this.

Step 5. Now we want to write the cohomology groups H:(Ug, F) in terms of the
cohomology of the constant sheaf Ey in UJ,. For this, we extend the morphism
7 : U — U to a morphism of smooh poper curves:

and we have that
B F & Gy(m Vi) 0 2 (o, Vi) 0 22 (T Vi) 0.

The second isomorphism comes from comparing them as presheaves from the def-
inition of extension by zero and (Gy/-invariants, and then sheafifying. The third
isomorphism requires a little bit more of work: first, we have that the morphism
7" 31\Vir — Vi is the identity. Hence, we pull it back and obtain an isomorphism
) Vo = m V. By base change, we have that m.j"j/Viy = 7*7.5i Vi, so we
have an isomorphism 7, Vi — j*7.jiVir. Now extend by zero this isomorphism
to get jim Vi = 51j*T.j Vi, so we only need to check that the right hand side is
isomorphic to 7.jVyr. For this, if we regard jij*7.jiVi as a presheaf, then the
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morphism jij*7, 5V — 7.j''Vr is an isomorphism on stalks, so the sheafification
gives a morphism which is an isomorphism on stalks.

Hence when we compute the cohomology with support we get, by definition and
using proposition 4.54,

Hé(Uéb ‘F) - Hi(Cétaj!‘F) = HZ (Cét7 (%*j!IVU’)GU,) = Hi(cébf*j!lVU’)GU,?
and since 7 is finite, this is equal to

H'Y(Cly, i Vi ) 0" =2 HY(CY,, 5

et7

VU’)GU’ o HZ(Uét,VUI)GU’,

and we conclude by noticing that there is a Gypr-invariant isomorphism H: (U, Vi) 22
H{(U,, By )®pV: indeed, if we fix an Op-lattice V C V which is Gr-invariant, then
for any injective resolution (O /m™)yr — Z°, we have that Z°* Qe (VQ®e, Or/m")y:
is an injective resolution of (V®e, Or/m")y» compatible with the Gipr-action. Hence,

we have

H;(Uet, F) = (H,(Ug, Evr) @p V)"

In the next step, we will use representation theory in order to compute the dimen-
sions.

Step 6. Recall that given a representation V' of a finite group G, the element
ﬁzgeGg induces a projection V. — V¢, so the trace of this map gives us the
dimension of the image, i.e.

Tr (G Zg) = dimg V°.
1€

Applying this to our situation, and having in mind that the character of a tensor
product is the product of the characters (c.f. remark 3.2), we have that

X (U, F) = dimE(HQ(U;t, E)®p V)¢ — dimg(H(UL, E) @5 V)%
> (Te(o"|HZ (U, B)) = Tr(o™[HY (U, B)) Tr(o"|v).

U'EGU/

|GU'|

We can do more: setting Z' := C'\ U’, we can look at the long exact sequence on
cohomology

RN H’(Oét, E) — H'(Z.

étr

E) — HYYU,

étr

E)— -,

and since jiE has no global sections on C" and Z' is zero-dimensional we get an
exact sequence

0— H°(C,

éty

E) — H(Z,

éty

E) — H} (U,

étr

E)— H'(C,,E) =0

and an isomorphism

HQ(Uéb

E) = H*(CY, B).
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Therefore we obtain

Te(o™|HZ (U, E)) — Te(o”|He (U, E)) =
= Tr(o"|H*(C4,. ))+Tr( "|H"(Cly, B)) = Te(0"|H(Z4y, E)) — Tx(o”|H ' (Cy, E))

o
= —Tr(o"|H"(Z4, E)) + Z o' |H'(Cyy, E))
for every o € Gpr. The zero-dimensional part is easy to compute, since H°(Z,,, E) =
D, cr Er and o acts via 0* : Eyy — E, () as the identity (note that E, = E),
since Gy is just permuting the points on Z'. Hence we have, for any o € Gy,

( |H0 et7 Z L.

x'ez’
oz )=a'

In the next step we see what happens with the one-dimensional part.

Step 7. If 0 # 1, we have that I', and A¢ intersect properly in C' x C’, because
o(2") = o' implies that 2/ € Z' = C'\ U’: indeed, the Galois group Gy acts
transitively and freely on the fibers over U, so there we will not find any fixed point.
Hence we may apply the Lefschetz trace formula of theorem 4.47 to obtain

Y (—1)'Tr(o*|H'(Cyy, B)) = (Ty - Acr).
Moreover, we can describe this product explicitly:

(FO' . AC’) — Z iG[;/,m/ (0)7

o(z")=z'

where ig,, , is as in step 3. For this, recall that the definition of the intersection
product (', - A}) is

(To-Acr) =Y length(Ocro/1,),

o(z)=z'

where the ideal I, is generated by the elements a — 0*(a),a € Ocr . Hence, it is
enough to show that

length(Ocr /1) = iy, ,(#) = vw(a — o (a),

where « is a local parameter of A’, the m-adic completion of O¢r ,v. Since O¢r v is
a discrete valuation ring, I, is of the shape m!,, where [ is precisely the left hand side
of the last equation (the length doesn’t change when we take m,-adic completion).
But this is equal to length(A’/I,A"), and since I, is the ideal generated by a—o*(«),
we are done®.

6To see this, note that v, (a — 0*(a)) is the index of the smallest ramification subgroup con-
taining o, and by remark 2.2 it follows the equality of the ideals.
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If o = 1, then Tr(1*|H'(CY,
just the Euler characteristic of C":

E)) = dimg H(C"

’.» E), so the alternating sum is

2

> (D) Te(1|H (Cly, B)) = X(C').

i=0
We can write X(C") in terms of X(C) as follows:

Lemma 4.68. In our situation, we have

X(C) =2 = 29(C") = |G| - X(C) = D var(Derjo),

z'cZ’
with vy (Derye) as in proposition 4.66. Here X(C) = X (U) + card(Z).

Proof. The second equality is just the Hurwitz formula, c.f. [Liu02, Thm 7.4.16], so
we only need to prove the first one. The idea is to consider a model C" of C' over the
ring of Witt vectors W (k), and then change base to the complex numbers. By the
comparison theorem, we can compare the cohomology of C{, with the cohomology of
C'. In C we have the first equality, and this implies the equality in our case because
the genus stays constant on the fibers of flat families. This is explained very well in
[KR15, Lem. 9.8], and we refer the reader there for the details.

O
In the next step, we put everything together in order to obtain the formula.
Step 8. We have, from step 6, that
Xe(U, e Y (Te(o"|HZ (U, B)) = Te(0"|H (U, E))) Te(o7|v)
‘ U,‘ oc€Gyr
U
2
> 0" |H*(Zly, E)) + ) _(=1)'Te(0"|H'(Cly, B)) | Tr(o”|v).-
!GU'! :
oGy =0
We know that
Te(o"|H(Zi B)) = ) 1
z'eZ’
o(x')=z'
for all o € Gy, and in step 7 we saw that the behaviour of Tr(o*|H*(CY%,, F)) is

different for 0 = 1 and o # 1, so we study each of the terms separately:
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e Foro =1,

2

—Tr(1*|HY(Z,, E +Z Y Tr(1*|HY(CY,, E))
= —card(Z’) + X(C")
= —card(Z') + |G| - X(C) = Y vw(Derje)
x'ez’
= - (Z 1) +|Gur| - (Xe(U) + card(2)) = ) var(Derje)
z'ez’ ez’

== |GU/|XC(U) — Z ((Z 1 —|—le(©0//(;)> — |GU/|>

TEZ 'z
’GU/ ’X Z SWGU,
LISYA
e For o #£1,

2

_Tr( ‘HO( et?E))+Z(_1) ( |HZ( et7E))

=0
=—| D) 1| +@,-Ax)
YA
o(z' )=z
== 1 +Z Z LGy
r€Z ' r€Z 'z

Since Tr(1*|y) = rk(F) and

1
Swan, (F) = > swe,, (o) Tr(o"|y).

o1



we get that

)3 ( o |HO(Z3y, E)) + ) (=1)"Tr(o” [H( et,E))> Tr(o"|v) =

0EG =0

‘GU,‘ > ( o*|H*(Zyy, E)) + Y (—1) Te(o" | H'( et?E))> Tr(o™|v)

G'EGU/ =0
o#£l

+ ‘G]‘U,‘ ( (1 ’HO( et7E))+Z( 1) Tr(l ‘HZ( etaE))> Tr(l*\v)

!GU'!

1=0
|GU’| Z ( ZSWGUII )Tr(a| )
o€Gyr T€Z
o#l

1
|G Y (]GU/]X ZSWGU, ) Tr(1*|y)

TEZ
(1 ‘V Z| Z SWGU, TI'(U*‘V)
TEZ UEG /
= — Z Swan, (F
TEZ

This finishes the proof.

4.4.1 Recapitulation of the proof

Since the proof is a little bit long, let’s recapitulate the main points and ideas here.
We start with a lisse Qg-sheaf and the first thing that we do is to reduce to the case
where we have a lisse IFy-sheaf F. The advantage of this reduction is that now we can
find a Galois cover U’ — U trivializing F. This cover allows us to describe Swan, (F)
explicitly. In order to compute the Fuler characteristic, we use the surjection of the
Grothendieck groups Rg(Gy) — Ry, (Gyr) coming from representation theory to be
in the situation of a lisse E-sheaf that is trivialized by a Galois cover U’ — U, and
here we are able to use tools coming from /-adic cohomology and from representation
theory in order to describe precisely the Euler characteristic of the sheaf.
Putting everything together yields the formula.
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