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1 Introdution

A Moufang set is a set X with |X| > 3, together with a collection of groups
(Uz)zex acting on X (called root groups), such that each U, fixes  and acts
regularly on X \ {z}, and such that U¢ = U, for each z € X and each g € GT :=
(Uy | y € X), the little projective group of the Moufang set. It is immediate from
the definition that this group acts doubly transitively on X.

Moufang sets have been introduced by Tits in order to describe the absolutely
simple algebraic groups of relative rank one [?]. The concept of a Moufang set
is strongly related to the concept of a split BN-pair of rank one. Notice that
it is also closely related to the concept of an abstract rank one group due to
Timmesfeld [?].

As usual we choose two different elements in X, denote them by oo and 0
and set U := Us. Then the Moufang set is completely determined by U and
some element 7 in G which interchanges co and 0. Therefore, we denote the
Moufang set also by M (U, ).

The finite Moufang sets have already been studied since long time using a
different language. More precisely the finite Moufang sets have already been
classified by Hering, Kantor and Seitz [?]. Their classification uses difficult and
long papers as [?] and [?]. Tt seems to us that the concept of a Moufang set is
the appropiate language to carry out the determination of these groups.

De Medts and Segev gave a new proof using this language under the further
condition that the Moufang set is special — for the definition of special see



the next section. Our goal of this paper is to extend their proof to the finite
Zassenhaus Moufang sets and thereby giving a partial answer to Question 3
posed by Segev in [?]. A Moufang set is Zassenhaus if GT is a Zassenhaus
group, i.e. if in GT there is a non-identy element which fixes two elements in X,
but only the identity fixes three elements.

The finite Zassenhaus Moufang sets had been determined by Feit ([?]), Ito
[?] and Suzuki [?] in a long proof. There are two families of examples:

M (q): This Moufang set is just the projective line and its little projective group
is PSL(2, q) with g a prime power.

M Suz(q): This Moufang set is the natural domain for the Suzuki group Suz(q)
with ¢ = 227+ n € N. In this paper we give an elementary and short proof of

the classification of the finite Zassenhaus Moufang sets with root groups of even
order. The latter implies that U contains some involution. We distinguish the
two cases that U contains a special involution or not.

Theorem 1.1 Let M(U,7) be a finite Zassenhaus Moufang set such that U is
of even order. If there is special involution in U, then M(U,7) = M(q) and
G' = PSLy(q) with ¢ = |U| = 2™ for some m in N.

Theorem 1.2 Let M(U,7) be a finite Zassenhaus Moufang set such that U is
of even order. If there is no special involution in U, then M (U,7) = M Suz(q)
with ¢*> = |U|, q an odd power of 2.

As a corollary we obtain

Corollary 1.3 Let M(U,T) be a finite Zassenhaus Moufang sets such that U
s of even order. Then one of the following holds:

(a) U is abelian, M(U,7) = M(q) and GT = PSLy(q) for some even prime
power q.

(b) U is a Suzuki 2-group, M(U,7) = MSuz(q) and Gt = Suz(q) with q an
odd power of 2.

Notice that this is one of the first papers discussing not only special but also
non-special Moufang sets.

Notice also that the distinction we make in our main theorems has in fact
also be made by Suzuki without using the language of Moufang sets. Our proof
differs heavily from Suzuki’s - in particular in the case that there is a special
involution in U. There is also some hope that some of our arguments can be
extended to the case of infinite Zassenhaus Moufang sets.

The proof of Theorem 7?7 only uses the language of Moufang sets. The aim
is to show that U is an elementary abelian 2-group and then to quote [?] or [?].

The proof of Theorem 7?7 is at some places a translation of the proof of
Suzuki in the language of Moufang sets. We had some difficulties to prove that
U is p-group. There we quote parts of the proof given by Feit [?] and presented



in [?]. Moreover, we have to refer to the classification of Suzuki 2-groups in [?].
The rest of the proof is pure Moufang set theory. At some parts it is shorter
and more lucid than the original proof of Suzuki in [?]. For example, in ?? we
don’t have to compute the class number of the group which turns out to be the
Suzuki group.

The paper is organized as follows:

2 Notation

We start with the basic notation. If M (U,7) is a Moufang set, then we can
recover X by setting
X :=U U {o0}.

Our notation is fairly standard and can for instance be found in [?].

(a) For a € U let a, be the map in Sym(X) defined by occa, = oo and
ba, =b+aforbeU.

(b) Set Uso ={ay | a € U} and for a € U: U, := U2

(c) For a € U# := U \ {0}, let u, be the unique element in Upa,Uy with
ooptg = 0 and Op, = 0o. One has pu;t = p_, and, if M(U,7) = M(U,771),
then p,, = u”, for all a € U#. Especially, one has fiq,, = ', forb € U#
([7], 4.3.1). . .

(d) Set H := {uapp | a,b € U#) (the Hua subgroup of M(U,7)). Then
H= Gaoo, the stabilizer of 0 and oo in GT.

As 7 interchanges 0 and oo, it acts on U#. Therefore, the following definition
makes sense.

(e) For a € U set ~ a := (—ar~1)7. One easily computes ~ (~ a) = a. By
3.10 in [?] one has ~ a = —(—a)u,. Especially, the element ~ a doesn’t
depend on the choice of 7.

3 Preliminary observations

In the following section, M (U, 7) is an arbitrary, not necessarily finite Moufang
set. We will repeatedly use the following equations (see [?], 6.1.1)

(3.1) If a,b € U# with a # b, then the element ¢ := (a7~! — b7~ !)7 doesn’t
depend on 7. More precisely, ¢ = (a — b)up+ ~ b.

(3.2) One has pe = p—pltp—atta-



3.1 Some properties of involutions in a root group
Lemma 3.1 If a is an involution in U, then:
(a) One has pg~~" = ats. Especially, p, is an involution conjugate to c,.
(b) The element ~ a is the unique fized point of .
(¢c) Itis~— ~a=—~a.
Proof.
(a) By 4.3.11in [?] one has p, = a—wqfiaQqliaQag = ale®~a,

(b) Since oo is the unique fixed point of o, cote®~a =~ g is the unique fixed
point of p, = af=~e.

(¢) By definition, ~ (— ~ a) = —(~ a)fing = —(~ @)t = — ~ a.

Lemma 3.2 Ifa,be U are involutions with p, = pp, then a = b.

Proof. If pg = pup, then by ?? ~ a =~ b and thus a = b. 0

Lemma 3.3 Let M(U,7) be a Moufang set such that U has finite even order.
Then pqupy has odd order for all involutions a,b € U. Hence all involutions in
U are H-conjugate.

Proof. We prove the first statement by induction on |U|. Suppose a,b € U are
involutions in U such that jiq /1, has even order n. Set t := (pqpup)?. Thent € H
and t centralizes p, and pp. It follows that ¢ centralizes a and b as well. Hence
a,b € V := Cy(t) which is a root group of U ([?], 6.2.3). By 6.2.2 of the same
paper on can choose 7 in a such way that M (V] p) is a Moufang set and p is the
restriction of 7 on VU {oo}. Since t # 1, V' is a proper subgroup of U and hence
we can apply induction. Hence there is an odd number k such that (peus)*
centralizes V. Thus there is a power h of p,up such that h2|V = poup|V.
Therefore p,h2|V# = ph|V# = py|V#. Using ?? for M(V,p), this implies
a" = b. But then we get u = pon = pp and thus h=2puqpup, = ppy, = 1. There-
fore h? = paup. Since h is a power of pgup, the element i, must have odd
order, a contradiction. Hence we have proved the first statement. The second
follows immediately since we have shown that u, and u, are H-conjugate for
all involutions a,b € U which together with ?? implies that a and b are H-
conjugate as well. 0

We remark here that in the infinite case it is possible that there is more
than one H-orbit of involutions in a root group. This happens for example in
M(K) if charK = 2, K not perfect, or in MSuz(K, L,0) for § not surjective
(see Section 6).



Lemma 3.4 Let M(U, 1) be a Moufang set with Hua subgroup H and let V be
a subgroup of U. Suppose that

(a) there is an abelian subgroup K of H such that all elements in V¥ are
K -conjugate.

(b) hte =h=! foralla e V# he K.
Then pp—a = Map_o—bu_, for all a,b € V# with a # b.
Proof. There exist elements g, h € K with ah = b,ag = b — a. One computes
(@p—a=bp—s)pa = (api—a—ahp_an)pia = (ap—a—ahp” ) pa = (ap—a—ah™" p_a)pa =
(a—ah™YVpgp-14 ~ah™ = (a—ah ™ huh ™+ ~ ah™' = ((ah—a) e+ ~ a)h ™!
= (agpa+ ~a)h™ = (apag™ '+ ~ a)h™! = (apa+ ~ ag)g~h .
By (3.2), one has
h

Hapg+r~ag = u!(]aua,—i-wag)g*lh*l = (:U'(aufa—ah—lufa)ua)gh = (M—ah—lﬂah—l—aﬂa)gh'
Hence fiq, +~ag inverts every element in K. We get

h92hUaua+~ag = hgﬂaua+~agg_1h_l = H(apo+~ag)g=th=1 = Hlapa—ah= pa)pa

= f—ah— fah —alta = hpt—ah ™ i agn-1pta = WP p_ghg ™ i aghT e =
W —ah?9 21 apta = 9% p—a,
and so
2
fi—a = W Papgt~ag = Mapa+~ag)h=t = ”?aua—wag)h*lg*l -
g _  Hag — 9 ha
Plap—a—bu_yypa = PopZp—ap_a = Fap_a—bu_y-
This implies finally
Hop_p—ap_q — H_q = H_gqg = Hb—ag = Ha—b.

Hence we get oy, —bu_, = MUb—a- 0

3.2 Some properties of special elements

In this section we prove facts on Moufang sets whose root group contains a
special element.

Definition 3.5 (a) A Moufang set M(U, ) is called special if (—a)T = —(aT)
for all a € U# holds.

n element a € 1s called special if (—a)7™" = —(a7™ 7).
b) An el U# lled lif 1 !



It is very easy to see that M (U, 7) is special iff all elements in U# are special:
If M(U, ) is special and @ € U™, then

()t = (=

aT_1T>)T_1 = (—(aT_1>T>T_1 = (—(a7'_1))77'_1 =—ar !

and thus a is special. If all elements in U# are special, then for a € U# one

gets

()7 = (@)Y =

and hence M (U, 7) is special.
It might surprise that we demand (—a)7~
—(a7) for the definition of a special element. But it may happen that M (U, 1)

1

(—(am))77 ' = —ar

—(ar™!) and not (—a)7

M(U, p) and a € U# with (—a)T = —a7 but (—a)p # —ap. This happens for
example in the Ree-Tits Moufang sets. Moreover, (—a)T = —(a7) is in general
not equivalent to one of the statements in the following lemma.

Lemma 3.6 For a € U# the following statements are equivalent.

(a) a is special.

(b) ~a=—a.

(¢) (=a)pa = a.

(d) ap_o, = —a.
(¢e) If M(U,7) = M(U, p), then (—a)p™" = —(ap™").

(f) There is an element p € SymX with M(U, p) = M (U, 7) such that —(ap™?)

-1

(—a)p

(9) (—a)pa = —(apia).
Proof.

By definition, one has ~ a = (—(a7~1)7

(—a)T~ Y7 = —a.

By 4.3.1.(6) in [?], one has —a =~ a = —(—a)p, and hence a = (—a)uq.

This is clear since pu; = pi_q.

By 3.5 and 4.4.1 (1) in [?] pep~! induces and automorphism of U. One

1

has ap™

(—a)pap™

This is trivial.

1

and thus —ap™

1

= aplap”

1

= (—a)p

—1

Again by 3.5 and 4.4.1 (1) in [?] ppe induces an automorphism of U.
Therefore, one has (—a)uq = (=a)p™ ' ppa = ((—a)p™ ") ppa = (—ap™")ppa =

—(ap™")ptta

—(apta).

By 4.3.1 (1) in [?], e = 7~ 'h, where h, is the Hua map associated to a

and hence induces an automorphism on U. Thus —(a71) = —a(u.h; ")

(—(apa))hg* = (=a)pahgt = (—a)7™".



O

Lemma 3.7 (a) An element a € U* is special if and only if —a is special.

(b) If a € U is an involution, then a is special if and only if at~! is again an
tnvolution.

(c) If a € Z(U)# is special, then ap=t € Z(U) for all p € SymX with
0p = 00,000 =0 and M(U,7) = M(U, p).

Proof. The first statement follows from the fact that (c) and (d) are equiv-
alent, the second is true by definiton. If @ € Z(U)# is special and p as
above, then p,p~! induces an automorphism of U. Since a = (—a)u, one

gets ap~! = (—a)uap~' € Z(U). O

Lemma 3.8 Ifa € U is special, then ajta = —a = afi_g.

Proof. By ?7? (¢) and (g) —(aps) = (—a)pe = a and thus au, = —a. The
second equation holds since —a is again special. 0

It is not clear if apu, = —a implies that a is special.
The following lemma implies that if the Moufang set is not special, then H
is “linear” in two ways on U.

Lemma 3.9 For all a € U# and all h € H, one has ~ (ah) = (~ a)h.

Proof. By 4.3.1(6) in [?], ~ (ah) = —(—ah)pan = —(—ah)ul. By 4.3.1(4) of
[?] the latter equals —(—ah)h~tush = —(—a)push = (~ a)h. 0
Lemma 3.10 If a € U is special and h € H, then ah is special.

Proof. If a is special, then ~ (ah) = (~ a)h = (—a)h = —ah, hence ah is
special. 0
Lemma 3.11 An element a € U# is special if and only if there is an element
b e Uy such that g, = bagb.

Proof. There exist uniquely determined elements o', b"” € Uy such p, = b'a,b”.
By 4.1.1 in [?], these elements are V' = a(T _,and V' = o{( 1y Thus a is

—a)T at

special if and only if these elements are equal. 0

For all a € U#, we set

Vo= {be U™ | pia =}



Then U# is a disjoint union of the sets V, where a runs through U#. Notice that
— ~aand ~ —aareinV, foralla € U#: by ??(c) y_q = H(—a)pua = HE* = lla,
SO fi—~q = lq- In this equation replace a by ~ a and get p_, = p~q (clearly,
~r~ a = a). If we replace a by —a in the latter equation, then we get 1, = pio—_q-

We will frequently use the following lemma.

Lemma 3.12 If u, is an involution, then ~ — ~a = — ~ —a.
Proof. By 2.3 in [?], one has apty =~ — ~ a and ap_, = — ~ —a. Thus the
claim follows. 0

The following lemma collects some useful information about V, for a special
central element a. We will need only part (a)-(d), but the other parts are
interesting too.

Lemma 3.13 Suppose that a € Z(U)¥ is special, that j, = p_q = p; ' and
that b € V, \ {a, —a}. Then the follwing holds.

(a) —(b—a)puq + (a —b)pg =~ —b+a— ~b.
(b) —(a—=bpa+ (b—a)u,=b+a-2.
(¢c) —a-3=~—-b—~bt+b=—~b+bt~—-b=b—~b+~—b.

(d) —((—a)7t = (=b)r H7 + (av™t = b7~ 17 = a and (ar™! — br )T —
()7t = (=b)r T =a.

(e) (a—b)T — (—a— ~b)T =ar.
(f) —(=br~ ' —ar Hr+((-b)rt —ar ™ Hr=—~b—a.
(9) —(—a—=b)T+(~b—a)T=— ~ (bT) —ar.
(h) —(—a =b)pig + (~b—a)ps =~ b+a.
(i) a and —a are the only special elements in V.
Proof. (a) We have by (3.1)
(a—bpig+ ~b=(ar™ ' —br H7r = (=br7! = (=a)r )7 =

(o)t = ()7 )T = (~ b+ a)pa + a,
hence
(5) = (a4 ~ B)pta + (@ — b)pta = a— ~ b.
Furthermore
(%) (~ b+ a)pa = (—(=b)pa + (=) pa) tta = ((—a)pta — (=b)fta) pta =

(b= ot~ —b= [~ ~ b~ (b—a)ud.



If we set (xx) in (%), the claim follows.
(b) This is similar to (a): We have again by (3.1)

(b—a)pg=Or "t —ar ™ Hr+a=((~a)r ' —=br Hr4+a=

(—a)r™' = (~ )T )T +a=(~a— ~bjua +b+a,

hence
—(—a— ~b)pg + (b—a)u, = b+ a.

Furthermore
(—a— ~ b)ﬂ’@ = ((_b)//'a - (_a)ﬂa):ua = (_b + a)ll'a +a= (a - b)ﬂa +a.

Thus the claim follows.
(c) By (a) and (b),

~—b+a—~b=—-a-2-0.

Hence

We get the other equations if we conjugate by — ~ —b and b.
(d) We have

(a4 b)pe = (a7t = (=b)7~H7— ~ —b.
By part (a), we get
~ —btam b= —(—a— (—b)pa + (0 — Bjia =

~ —b— ((—a)T_l — (—b)’T_l)T + (aT_1 — b’T_l)T— ~ b.

Therefore, we get the first equation. The second follows since a is central and
we can conjugate with —(ar=! — br=1)7.

(e) follows by (d) and by replacing b with br and a with a7.

(f) We have

(—ar™' = br )T = (—a = b)pa+ ~ b= —(— ~b— (—a— b))

and
(=b)yr ' —ar ™7 = (—a — b)ua — a.

Subtracting yields the result.
(g) follows by taking a7 instead a and br of b.
(h) follows by taking 7 = u, and by

by ?7.
(i) If b is special, then ~ b = —b and hence a = b by (g). 0



Proposition 3.14 Ifa and b are as in 77, then pg = fa—bla-5+blta—b- FSpe-
cially, if a is an involution, then pg, = pigyp-

Proof. Set z := au, — by and y := —ap, — (—b)pq. Then pg_p = p, and
Py = P—atb = ,ug_lb by [?], 2.6. Furthermore, (3.2) tells us

He = H—yHy—zHz
with ¢ = (g — Ylta)fta. We have ¢ = apg = —a by ?? (d) with 7 = p,, and
y—o=—aftg — (—b)ltg — afig +bpig =a+ ~b+a—~ —-b=

a-2—(~—-b—~b=a-2—(—a-3—-b)=a-5+b

by 7?7 (c¢). Hence pg = fla—bla-5+blta—p- If @ is an involution, then a — b =
—(a + b) and hence p, = ua_(,uﬁbu;ib = fa—p- AS g is an involution by
?7?(a), it follows that pg = ta—p = fats 0

Lemma 3.15 If a € Z(U)* is a special involution and x € U* with fizqq =
Po = H—g, then py = fiq.

Proof. We have ((z + a)7~! — 277 !)7 = apy+ ~ x and thus
Hap, = Hatlable = fallabata = Hajig -
Now api, = apap, is again a special involution in Z(U). Thus by ??
Map, = Hape+~ztap, = bz = Ha-

Hence pig pigpte = o and therefore p, = pi. 0

4 Zassenhaus Moufang sets

Definition 4.1 A proper Moufang set M (U, T) is called a Zassenhaus Moufang
set if GS,OO,G =1 for all a € U, or equivalently, if Cyy(h) =1 for all h € H*.

From now on, we assume that M (U, 7) is a Zassenhaus Moufang set such
that the order of U is finite.

Lemma 4.2 (a) The root group U is nilpotent.

(b) If U is abelian, then M(U,7) = M(F,) for ¢ = |U| and hence G' =
PSLs(q).

(c) GT is simple.

Proof.

10



(a) Since M(U,T) is proper, H # 1. Thus UH is a Frobenius group with
Frobenius kernel U. By Thompson’s theorem, U is nilpotent.

(b) By the main theorem of [?], M (U, 7) is special. Thus the claim follows by
[?] and [?].

(c) Suppose 1 < M is a normal subgroup of G'. Since GT acts primitively on
X, M is transitive on X and thus on the set of root groups. By definition
GT is generated by the root groups and hence one has Gt = MU, and
G'/M = U, /(M NUy). If M < GT, then U, is not contained in (GT)’
since U/(U N M) is nilpotent. But since H acts without fixed point on U,
one has U = [U, H] < (GT)'. Tt follows GT = M.

O

Lemma 4.3 If H has even order, then M(U,7) = M(F,).

Proof.If H has even order, then H contains an involution ¢. Since t has no
fixed points on U, t must invert every element in U. This implies U abelian and
hence M (U, 7) = M(F,). 0

Lemma 4.4 If |[U| = 1 mod 4, then M(U,7) =2 M(F,) for ¢ = |U].

Proof. If [U| = 1 mod 4 and H has odd order, then |Gt| = (|U| + 1)|U||H| =
2 mod 4. Hence G possesses a normal subgroup L of index 2. Since |L| is
odd, L cannot act transitively on X. But this is a contradiction since Gt acts
2-transitively and therefore primitively on X. 0O

Lemma 4.5 If H is odd, then there is an unique conjugacy class of involutions

in GT.

Proof. Let t be an involution. Since G acts 2-transitively on X, we can assume
t € N. For every a € U#, the element ¢y, € H has odd order. Hence ¢ and i,
are conjugate. 0

4.1 Zassenhaus Moufang sets with |U| even

From now on, we assume that the order of U is even.

Lemma 4.6 (a) Every involution in U is contained in Z(U).
(b) For every a € U¥ there is exactly one involution b € U with g = pp.
(¢) H is cyclic.

11



Proof. (a) This is clear since U is nilpotent and all involutions are H-conjugate
by ?7.

(b) This follows since |H| = [{p; | * € U#,x involution }| < |{us | @ €
U} < |N| - |H| = |H].

(c) If a is an involution, then ?? and ?? imply that NV contains exactly |H|
conjugates of p,. Thus Cy(u,) = 1 and therefore H is abelian. Since H acts
freely on U, this means that H is cyclic. 0

Since all involutions in U are H-conjugate, either all involutions are special or
no involution is special. We first treat the case that all involutions are special
and show that this implies M (U,7) special and hence GT = (P)SLa(q) with
q = |U| a power of 2.

Proof of Theorem 7?7 We show that U is an elementary-abelian 2-group,
as this then implies that M (U, 7) is special, see [?]. Since H is cyclic by ?7
(c), the main theorem in [?] then yields that M(U,7) = M(F,) with ¢ = |U]|
(alternatively, we can apply [?]).

We first note that U contains more than one involution since H acts regularly
on the set of involutions and H # 1 since M (U, 1) is proper.

By assumption U contains a special involution. By ??(a) a is contained in
Z(U) and by ?? every involution in U is contained in Z(U) and is conjugate to
a under H. Suppose U contains an element b of order 4. Let a be the unique
involution with pu, = pp. Then pp = p—p = ppyp2, hence a = b-2 by ?7. If
t is an involution distinct from a, then again (b+1¢)-2=5b-2 = a, as t is in
Z(U), hence pprs = pta = pp and 80 g = pp = gz by ?? and a =t by 77,
a contradiction. Hence if V' is the unique Sylow 2-subgroup of U, then V is
elementary abelian.

If U # V, then there is an element b € Z(U) \ V. Let a be the unique
involution in V. By ??, a =— ~b+ ~ —b+band hence a —b=— ~ b+ ~
—b = (=b)tq — by by 4.3.1 (6) of [?]. Hence by [?], 2.5 (1) and ??

Ho-2 = f—b-2 = H(—b)pg—bua — Ha—b = Hb-

But again, if £ € U is an involution distinct from a, then ppi¢ = p@pie).20 =
-2 = My, hence pg, = pp = pe By 77, this is a contradiction. 0

5 Suzuki Moufang Sets

5.1 Suzuki 2-Groups

Definition 5.1 (compare [?], p. 299) A finite group G is called a Suzuki 2-
group if the following hold:

(a) G is a nonabelian 2-group.

(b) G has more than one involution.

12



(c) There is a soluble subgroup of AutG which permutes the involutions tran-
sitively.

By 7?7 the Sylow 2-group of the root group U a Zassenhaus Moufang set of
finite even order is either abelian or a Suzuki 2-group.

Example 5.2 et K be a field of characteristic 2 and let 8 be a mon-zero en-
domorphism of K. Set k = K% and let L be a k-subvectorspace of K with
1€ L and K = k[L]. Set A(K,L,0) := L x L with addition (a,b) + (¢,d) :=
(a+c,b+d+ac®). One sees easily that (A(K, L,0),+) with this addition is a
group. If K = Fon is finite then L = K = k and we will call this group A(n,6).
If 0 is not the identity, then A(K, L,0) is non-abelian and the center consists
of all elements with first coordinate zero. If a® # a=' for all a € L these are
exactly the elements of order at most 2. In the finite case this condition holds
if and only if the order of 0 is odd. Finally, if 0 is a Tits endomorphism, that
means 6% is the Frobenius endomorphism, then [(a™1,0), (a%,0)] = (0,a+1) and
thus the center equals the derived subgroup.

Suppose that X\ — X0 is a bijection of L. For every A\ € K# with AL = L the
map hy : A(K,L,0) — A(K,L,0) : (a,b) — (\a, \'*%b) is an automorphism
of A(K,L,0) and the map X\ — hy is an injective homomorphism from K#*
to AutA(K, L,0) whose image we call A. Suppose that K = Fon and that the
order of 0 is odd.. Then A acts regularly on the set of involutions of A(K, L,0).
Thus A(n,0) Suzuki 2-group. A set X C A(n,0) is a system of representative
for A(n,0)/Z(A(n,0)) if and only if the map a — a -2 maps X bijectively on
Z(A(n,9)).

Theorem 5.3 If G is a Suzuki 2-group, then the exponent of G is 4 and either
G = A(n,0) with o() odd or |G| = |Z(G)|>.

Proof. See [?], Theorem VIIIL.7.9. 0

Theorem 5.4 IfU = A(n,0) with o(0) odd and if K < AutU is cyclic of order
2" — 1, then K < CA with C = Cawy(U/Z(U)) N Cawry (Z(U)).

Proof.This follows from [?], VIL. 6.8. 0

Definition 5.5 Let K, 0,k and L as above. Moreover, suppose that 0 is a Tits
endomorphism. Note that K2 C k and that a=' = a=2a € L for all a €
L#. If K is a finite field of order 2" this implies n odd. For a,b € K set
N(a,b) := a®*? + ab+b’. Since N(a,b) = ()"0 + (a® + 2)1*0 for a # 0,
one can easily see that N(a,b) = 0 implies a = b = 0. Set U := A(K,L,0).
Let 7 be the permutation on U defined by (a,b)T = (%, m) We first
check that (a,b)T is in U. This is easily seen if a = 0 or b = 0, so suppose
both elements are not zero. One has aN(a,b) = a**%a + a®b + b’a € L since
a’*t? a?,b% € k, thus a='N(a,b) = a~2aN(a,b) and aN(a,b)~" are again in L.
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Also bN(a,b) = a** + b?a + b%b € L since a®*9,02,0% € L. Thus b=*N(a,b)
and bN (a,b)~! are in L.

One can see that M (U, T) defines a Moufang set which we will call M Suz(K, L, 6)
or for K = Fan just MSuz(2™). These Moufang sets are also called (general-
ized) Suzuki Moufang sets. The little projective group correspondig to such
a Moufang set is called generalized Suzuki group or Suz(K,L,0) (Suz(2") if
K =T )..

An easy but tedious computation shows that 72 =1 and Tl(ap) induces the auto-
morphism by qp)2-0 on U (see [?] where a matriz representation for Suz(K, L, 0)
is given). Especially M Suz(K, L,0) is Zassenhaus and ji(q p) = fi(c,q) 4ff N(a,b) =
N(c,d).

5.2 The Case where no involution is special

From now on we assume that no involution of U is special.
Theorem 5.6 U is a p-group

Proof. This was proven by Feit [?]. His proof with some improvement by Ben-
der is contained in [?]. More precisely the assertion follows from 4.1, 6.3, 6.5,
6.6 and 5.7 of [?] together with 0

We know that U is either an abelian 2-group or a Suzuki 2-group. If U is
abelian, then M (U, 7) is special by [?], so U must be a Suzuki 2-group. From
now on, let ¢ := |Z(U)|. Then ¢ is a power of 2 and |H| = ¢ — 1. Moreover,
|U| = ¢? or |U| = ¢® by ??. Since M (U, ) is proper, q > 2.

Remember that by ?? (a) one has afs = p%-e. This equals Suzuki’s
structure equation (XI. 10.6 in [?]).

Lemma 5.7 One has (~ a) -2 = a for all involutions a € U.

Proof. Set D = (ag, pta). Then D is dihedral since «, and p, are involutions.
The order of agpt, is odd since Cai(aq) N Cat (ta) = Uso N Cgi(ie) = 1. Set
E = (q0q). Then a_ ., € Ng(E) since D~ = (ag ™", g ~") = (g, ala) =
D and E = D’ is characteristic in D. On the other hand, Cy(E) = 1 since
Cat(at) < Uy for all t € U#. Hence Ny (E) < AutE is abelian. One easily
sees that «, is the unique involution in Ny_ (E), so this group must be cyclic.
Since Uy, has exponent 4, the claim follows. 0

Lemma 5.8 H does not contain an element of order 3.

Proof. Suppose otherwise. Then there are involutions a,b € U such that pgpup
has order 3. Now s, and a, are conjugate, hence there is an involution ¢t € GT
such that a,t has order 3. Since Cgi(ay) = Uy is transitive on X \ {0}, we can
assume that t fixes 0. Hence there is an involution ¢ € U such that ¢t = akf«.
Hence

1 = aqpiaQeptaOattaOeflaQaflaQefla =
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palah®)ac(ah®)ac(ah ) acpia
= la(CnallaOena)0c(Qugtta®—mg) e (Qmala®—na)clla
= HaQnafbaOctaCeftaOlc—natla-
This implies
I = avaptaOcpatctlatc—ra;

hence
1= paQeptaOeftaCe

and therefore
o = obecalke.

Since i, is the unique element in Upa Uy interchanging 0 and oo, this implies
a = c. Now this equation implies that a is special, a contradiction. 0

Lemma 5.9 (a) g = 2" with n odd.
(b) The order of pgaq s 5.
(c¢) U is isomorphic to A(n,0).

Proof. We have taken this proof from [?], XI.11.2.
(a) If n was even, 3 would divide g — 1.

(b) One computes (qgfiq)*~* = (qfiq)?. Since ~ a-2 = a, we have (agpq) "t =
(avapia)® = (aqpiq)* and thus (aqpe)® = 1..

(¢) If U is not isomorphic to A(n,), then |U| = ¢* and thus |G| = (¢ +
1)¢®(q + 1) with ¢ = 27, n odd. Since 5 divides |GT| but not ¢* and
g —1, 5 divides ¢ + 1 and thus 5 divides ¢ — 1 = 26 — 1. This implies
26" = 1 mod 5 and hence 4|6n, a contradiction since n is odd.

d

We now know that |U| = ¢ and |GT| = (¢® + 1)¢*(¢ — 1) which is exactly
the order of the Suzuki group Suz(q).

Lemma 5.10 The set 0U{~a | a € Z(U)#} is a system of representatives for
U/ZU).

Proof. By ??, U = A(n,0). Thus if |Z(U)| = q, then ¢ = |U : Z(U)|. By 77,
~a-2=aforalla € Z(U)#. Thus the claim follows since a subset X of U is a

system of representatives for U/Z(U) if and only if the map x — x - 2 induces
a bijection between X and Z(U). 0

Lemma 5.11 Ifa,b are two different involutions in Z(U), then figsp = fh—mat~b-
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Proof. This follows from ?7. 0

The root group U contains ¢ elements in Z(U) and each ¢—1 elements of the
form ~ a and — ~ a with a € Z(U)#. We will show that each of the remaining
®>—q—2(q—1) = (¢g—2)(g—1) elements can be uniquely written as — ~ a+ ~ b
with a,b € Z(U)#, a # b. Having succeeded we know p, for all a € U.

Lemma 5.12 Ifa,b,c € Z(U)# with a # b, then cpiqpiars = C + Cliafip.
Proof. One has
~ (= ~at ~b) = (=(= ~at ~ D))y = (—(apapiy — bw) ) o =

[=((aptape = b)pu+ ~ b)]pw = [bpy, — (apiapiy + b)) e =
aﬂaﬂbﬂauaub+b+ ~ (a:ua,ub + b) = (_ ~ a‘)ﬂbﬂauauwrb"'_ ~ (a:ua,ub + b)

Set €T = a’/’[’a/’[‘b' Then /’[’I = /’Lgalu‘b = /'l/g:b and /’Li“rb = Mwuz—bub = Ma#a#bﬂgb_b#b =
Hapy,—bp, = Mﬁ;}ub—bﬂb)ﬂb' By (3'2) we get fpror = (Mb/‘a+bﬂa)ub = Ma+bMallp-
Since all y-maps are involutions, this implies pp1o = ppflatbats. SO Apiptr =

Alp b g fhatb = Oftgflq+p and thus
~ (= ~at+ ~b) = — ~apaparst ~ (apaiip + b).
SINCE fh(—matnb) = Herat~b = Hatb, ONE gets
aflafla+b + Aoy +b=a+b

and therefore
Allgla+b = @ + Qg fLy-

Now there is an element g € H with ag = ¢. Since H is abelian, one gets
Clalta+b = AGMalatb = Aftaflatbg = (@ + afialy)g = ag + agiaps = ¢ + Clafly.

O
Lemma 5.13 If a,b,c € Z(U) are involutions with a # b, then — ~a+ ~b &
{¢,— ~¢,~ c}.

Proof. Since (— ~a)-2=a#b=(—~b) -2, — ~aand — ~ b lie in different
cosets of U/Z(U), hence— ~ a+ ~ b cannot be in Z(U). If — ~ a+ ~ b=~ ¢,
then — ~ b+ ~ a = — ~ ¢, so we only have to show that — ~a+ ~b=— ~c¢
cannot hold. Suppose otherwise. Then pe = pi—rc = e vat~b = la+b and so
c¢=a-+b. One has

(@+b)pary = =~ (a+b) = =~ at ~ b = apapiy sy, — bppis -

Set g := ppptaty and h = fi(qp, py—b)Hy- Then we have

a+b= (apapl y — biwil o) ttars = (palts 1y — bGlatd) ttats =
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(aptaptars — bg)ung+ ~ bg = (apaptars — b)g ™ g + (— ~ b)g =
((apapy = O)pp+ ~ b)g = (apiapio = b)ftapopu,—vhg+ ~ by =
(= ~ (apapy — b))hg + (~ b)g = — ~ ((apapy — b)hg)+ ~ (bg).
But a+be Z(U), so — ~ ((apqpp — b)hg) and ~ bg are contained in the same
coset of U/Z(U) This is only possible if bg = (apqus — b)hg, but this implies
a+ b =0, a contradiction. 0

Lemma 5.14 Suppose a,b € Z(U) are involutions and g,h € H*. Then
— ~a+ ~ (ag) = — ~ b+ ~ (bh) if and only if a =b and g = h.

Proof. If — ~ a4+ ~ ag = — ~ b+ ~ bh, then also a + ag = b + bh. Hence
~a—nr~ag=—~at+~ag+a+ag=—~ b+ ~bh+b+bh=~b—~bh
and
~ag—~a=—(~a— ~ag)=—(~b— ~ bh) =~ bh— ~ b.
We have

(~a—~ag)pa = ((~ @)pta — (~ Q) ptag)tta = ((~ a)pta — (~ ag™ " ia)pta =

(~ a— ~ag™ ) iaag-1+ ~~ (ag™") = (~ a— ~ ag” gpag™ " +ag ' =

((~ ag— ~ a)pa +a)g~" = ((~ bh— ~ b)pa +a)g™".

Similarly, one computes

(~ b=~ bh)pa = (~ b= ~ bh) e = ((~ b)us — (~ bh™ )y i pra =
((~ b=~ bh™ Yhpph ™" +bh™ ) pppia = ((~ bh— ~ b)pp + b)h ™ pipjta
= ((~ bh— ~ )t + bpppia) L™
Therefore aag_lhabuwa € G;’(th_mb)ua. Hence there is an element k € H
with
aag_lhabltb,ua = a—(Na!]—Na)Morka(“‘bh—"‘b)#a'
This element lies in GI_ = Ngt(Us,). If we regard the corresponding cosets in
Gl /Us, we see that k = g~'h. Hence
kQaktbppa = KO- (~a—~ag)pok+(~a—~ag)pa

and so

ak + bpppia = —(~ a— ~ g)pak + (~ a— ~ ag)pa = [(~ a— ~ ag)pa, k]~

Since ak + buppa € Z(U), (~ a— ~ ag)uaZ(U) is a fixed point of k in
U/Z(U). Suppose k # 1. Then k has no fixed point in U/Z(U) and hence
(~a— ~ag)pq € Z(U). Hence there is an involution ¢ with ~ a— ~ ag = — ~ ¢
and so ~ a = — ~ ¢+ ~ ag, a contradiction to ?7?. So k = 1 and therefore g = h.
Now we have a+ag = b-+bg and therefore (a+b)g = a-+b. This implies a = b.
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Corollary 5.15 One has the following partition on U :
U=ZU)U~ZU)#*U—~ZU)* U{—~at ~bja,bec Z(U)¥ a#b}.

We will call such a partition a Suzuki partition.
Proof. The order of the last set is by ?7 exactly (¢ — 1)(¢ — 2). By ?? these
sets are disjoint.Since |Z(U)| = ¢ their union has order ¢? which is just the
order of U. 0

From now on, e will be a fixed involution in U and 7 = ..
We will frequently use the next lemma.

Lemma 5.16 If g,h € H are different, then
~ (= ~eg+ ~eh) = — ~ (eh®g7 ' +eg)+ ~ (eh*g™' + eh).
Proof. Set a :=eh and k := gh~!. Then with ??
~ (=~ et ~ eg) = (= ~ ahet ~ @) = (—(aftak — afia)ia)a =
(_(ak_lﬂa_aﬂa)ﬂa)ua = [_(<ak_1+a):ua+ ~ a)]ﬂa = (aua_(ak_l+a)ﬂa)ﬂa =
ak_lua-&-ak*l"’ ~(a+ak™!) = aﬂzﬂa+ak*1k+ ~(a+ak™t) =
— ~ (aftaptagar-—1)k+ ~ (a+ak™t) =

— ~ (a+ apokpigk k4 ~ (a +ak ') = — ~ (ak + ak )+ ~ (a + ak™")

. Hence we get
~ (= ~egt ~eh)=—~(eg+eh’g )+ ~ (eh+eh’g™t)

O

We are now going to introduce coordinates. By 7?7, U is isomorphic to
A(n, 8) with o(¢) odd. We can label the elements as (a,b) with a,b € F := Fan.
We can assume that e = (0,1). By ?7 there is an automorphismus ¢ of U
which centralizes Z(U) and U/Z(U) such that H? = A with A as in 5.2. Since
¢ centralizes Z(U) and U/Z(U), there is a homomorphism f : F — F with
(a,b)¢ = (a,b+ ¢(a)). Hence for every h € H there is a A € F# with

(a,b)h = (a,b)¢ " had = (a,b+ f(a))had = (aX, DA + Fla)(AF0 4 1).

Set u(a, b) := (a,b+f(a)) = (a,b)¢. Then u(a,b)h = (a,b)hr¢ = (Aa, \'T9b)¢ =
u(Aa, \'T%b). Moreover,

u(a,b) +u(c,d) = (a,b+ f(a)) + (¢, d+ f(¢) = (a+¢,b+d+ f(a) + f(c) +ac’)
=(a+c,b+d+ fla+ec)+ac®) =u(a+bb+d+ac?).

Writing (a,b) instead of u(a,b), we can therefore assume that H = A.
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Lemma 5.17 If h € H*, then [~ e,~ eh] # 1. Hence 6 has no fized point
different from 0 and 1.

Proof. Let k be the fixed field of § and let m € N such that o’ = a?".
In A(n,#), an element of the form (z,y) with € k% commutes with (z,y’)
if and only if 2’ € k. Let a = (0,u) and b = (0,v) be involutions. Since
(~a)-2=a,(~b)-2=0, we get ~a= (D" z)and ~ b= (1D y)
with x,y € F. Now A — A% induces a bijection of k. Thus if u € k, then ~ a
and ~ b commute if and only if v € k.

Suppose that |k| > 2 and that A € k\{0,1}. Set h := hy Then eh = (0, \!*?) =
(0,\?), hence ~ e and ~ eh commute. It is

(—~eht+~e)-2=(—~eh)-24+(~e)-2=ch+e~(eh+e)-2

hence ¢ := — ~ eh+ ~ e— ~ (eh+¢) € Z(U). Note that ¢ # 0 by ??.. Now by
27

(=~ et ~eheren ==~ —(=~et~veh) = -~ (= ~eht~e) =

—(— ~ (e +eh®)+ ~ (eh +eh?)) = — ~ (eh + eh?®)+ ~ (e + eh?).

But eh + eh? = (0, A2 + A\*) and e + eh? = (0, \* + 1), therefore

d:=— ~ (eh +eh?®)+ ~ (e + eh?)— ~ (e +eh) € Z(U). Again, d # 0. Now
d=(—~eh+ ~ e)tteren — (~ (e + €h))pteten and

¢c=(—~eh+ ~e)—~ (e+eh). By 2.5(1) in [?], we get pu. = uq. But since ¢
and d are involutions, this implies ¢ = d and therefore (— ~ e+ ~ eh)peten =
— ~ e+ ~ eh. But ~ (e + eh) is the unique fixed point of peien by ?7.
Thus ~ (e + eh) = — ~ e+ ~ eh which contradicts ??. Hence k = Fy and
Cur(~ €) = (Z(U), ~ €). 2

Lemma 5.18 After possibly replacing @ by 6~1, we can assume that — ~ e =
(1,0). Then we have — ~ (0,a'*?) = (0,a) and ~ (0,a'*?) = (a,a'*?) for all
acF#,

Proof. The first statement is Lemma XI.11.12 in [?]. The second holds since
(0,a'*?) = eh, and hence — ~ (0,a'T?) = — ~ eh, = (a,0). 0

Lemma 5.19 Let (a,b) € U with 0 ¢ {a,b} and b # a**?. Then (a,b) =
(5,0) = (t,0) with t = (1) and s =a — t.

a

Proof. By 7?7 there are two distinct involutions w and v with (a,b) = — ~
u+ ~ v. Hence by ?? there are s,t € F# with (a,b) = (s,0) + (t,t'1%) =
(s+1t, st +¢'79). Thus t’ = ¢ and s = a +¢. 0

Lemma 5.20 For (a,b) € U#, set No(a,b) = a0 +a?~0 "6 +b (the reduced
norm of (a,b)). Then po,Ny(a.b)) = H(a,b)-
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Proof. For a = 0, one has Ny(a,b) = b. If a # 0,b = 0 or b = a't?,
then Ny(a,b) = a'*? and the claim is true since — ~ (0,a'™?) = (a,0) and
~ (0,a'*?) = (a,a*%). If a # 0,b # 0,a' ™, then Ny(a,b) = s'*0 4+ t'19 with
s,t asis 7?7, and so this case follows by ?77. 0

Lemma 5.21 Let g,h € H. Then
(—~eg+~eh)T=—n~ej th™ 2+ ~eh!

with ej =eg~ ' +eh L.

Proof. Let j € H with ej = eg~! + eh™!. Then

(— ~eg+ ~ eh)T = (etg—eTh)T = (eg™!

ejth 2+ ~eh P =erj lh 2+ ~eh P =—~ej th 24+ ~eh L.

Lemma 5.22 Ifa,b € F# with b # a'*?, then
(a) (0,07 = (a=',0).
(b) (a,0)7 = (0,a=77).
(a,
(

(¢) (a,a*?) = (a1, a=1-9).

(d) (a,b)T = (35 + 1,76 (55 + 1)). with 5,t as in ??7 and N*™% = Ny(a,b).
Proof.

(a) This follows because of eh,7 = ethy! = — ~eh .

(b) This holds since (— ~ €)h,7 = (— ~ e)Th;t = eh, ! .

)
)

(c) Tt is (~ e)heT = (~e)Tht = (~e)h; L.
)

(d) Let s,t beasin ??. Set g := hs and h := h;. Then (a, b) =—~eg+ ~eh
and hence (a,b)T = — ~ ej " h?+ ~ eh™! with ej = eg~! 4+ eh~!. There-
fore ej =1 = (0, (st)'*?Ny(a,b)~!) and so ej ~1h=2 = (0, s'H0¢~1— ‘QN (a,b)71)
and — ~ (ej71h™2) = (st 1N~1,0). We get

11, s 1

(a,b) = (st ' N7L0) + (71t %) = 757 T 7))

(Nt+

Lemma 5.23 0 is a Tits automorphism.
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Proof. For all h € H*, one has
(~eh—~e)T = ((~eh ™)1 = (~e)T)T = (~veh = ~e)T +e.
For a € F\ {0,1} and h = h,, this means
(a+1,a(a® +1))7 = (a7  +1,a (@™ +1))7 + (0, 1).

There are uniquely determined elements s,t,u,v € F# with (a+1,a(a’ +1)) =
(5,0) — (t,0) and (e~ +1,a " (a=% + 1)) = (u,0) — (v,0). One computes

1

t= agfl(a + 1)@ +1)7 s = a tv=a"10"¢

and
u=( '+ +v=aa+1)+ats=0a't.

Set N = (5140 4 {10407 and M = (u!+0 + 01 +0)H0™" Then M = a~'N
and N1+ = (14 ¢=1-9" )16 By ??, we have

(sN~h Lt sN =1 107179 = (uM Yo Lo~ L uM om0y 0 1)

and hence B » o
a0 Nl = T N e L

This implies
-1 -1 -1
(@™ +a*? Ht=(a' +1)N.

Thus i . .
N=a"? (@ T+ +1)7 't

Therefore we get
(1+a_1_971)t1+9 — Nt0 _ a_1_971(a2971+1+1)(a2+9+1)(a1+971+1)_1(a‘9+1+1)_1t1+9
and so
a1+9*1(1 + a,l,o—l)(l + a1+071)(1 + a1+0) _ (a20*1+1 + 1)(a2+9 +1).
Hence
(1 +a1+971)2(1 +alt?) = @307 H0 1 4 207 T 240
and

1+ a2+20*1 + alt? + a3+26*1+0 _ a3+20*1+9 +14 a20*1+1 + a2t

We get
-1 -1
q2t20 Q0 — 240 4 2071+

and so o
ala+1)a® =a(a+1)a’.
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2 62

—1
97" = 4% and hence a2 = a? . 0

Since @ # 1, this implies a2
Proof of Theorem ?? By ??, U is isomorpic to A(n,0) with |U| = 2™ and
by ?? 6 a Tits automorphism. Therefore it remains to show that (a,b)r =
(3emy Neamy) With N(a,b) = a**? + ab + bf = No(a,b)?. If a = 0, then
N(0,0) = 0°. By 7, (0,b)r = (b 0) = (b7H0) = (5.0) =
(W, ~oz)- 0 =0, then N(a,0) = a**? and by ?7,

a 0 a

(a,0)T = (O,G_l_e) = (0, a2+0> = (N(a b)’ N(a b))

If b= a't?, then
N(a,b) = a**? + aa**t? + a1 = g?t?

and

alt? g b a

2+0’ a2+9) - (N(a,b)’ N(%b))'

(a7b)T - (ailaailie) - (

.Ifa,b# 0 and b # a't?, then

S 1 1 s 1

(a,b)TZ(mﬁ-?,Fm-‘r;

)

with ¢ = (£)7", s = a+¢ and N'+? = Ny(a,b) = N(a,b)® . Since (1+6)~! =
1 — 6, one has
N = (N(a,b)? )" = N(a,b)" .

One computes

stl=(a+ al_gflb_efl)a‘gflb_gf1 =a 0 41

and
N(a,b)? 'st™'=(at b + 1)@ +a b 4b) =
Q2HOFOT =0T o 12070 L 10T 10Tt 10y 07 0T
- - a1
a b0 (@ fab+ b2 ) 4 b a4 a2 = 7N(a.b) +b.
Thus 1 11 1 b
S
— 4= “N(a,b)+b) + = =
Nt T N TN T = N
and
l(i l)fﬂ b __a
"Nt "t bN(a,b) N(a,b)
O
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6 Generalized Suzuki Moufang sets

If M(U,7) is a finite Suzuki Moufang set, then we have seen that the following
holds:

(a) H is transitive on Z(U)¥.
(b) For every a € U# there is a b € U* with u, = .

(¢) U has a Suzuki partition, that means

U# = Z(U)U ~ Z(U)#U— ~ Z(U)#U{~ ~ at+ ~ bja,b € Z(U)*,a # b}.

In the infinite case, one can generalize the concept of Suzuki Moufang sets.
It turns out that a generalized Suzuki Moufang set M (K, L,0) is an ’ordinary’
Suzuki Moufang set (that means 6 bijective and hence K = L = K?) if and
only if one of these conditions holds in which case all of them hold.

Theorem 6.1 Let K be a field of characteristic 2. 0 a Tits endomorphism,
k=K% and L a k-subspace of K with 1 € L and k[L] = K. Let M(U,T) be the
generalized Suzuki Moufang set as defined in 5.5. Then the following statements
are equivalent.

(a) 6 is surjective.

(b) K is perfect

(c) U has a Suzuki partition.

(d) H acts transitively on Z(U)¥.

(e) For every a € U# there is a b € Z(U)# with j1, = .

Proof. It is clear that (a) and (b) are equivalent since §? is the Frobenius
endomorphism. Moreover, we have (0,2)7i ) = (0, N(a,b)?z) for a,b,z €
L, (a,b) # (0,0). Since H = (Ti(qp); (a,b) € U#) one sees immediately that
(d) implies (a). Since N(0,a) = a’ and thus (0,2)Tp(0,0) = (0,a%x) for a,z €
L,a # 0 we conclude that (d) follows from (b). We show (e) implies (a). Let
a € L#. Then there is b € L with H(1,0) = H(o,p)- This implies 1 + a +a=
N(1,a) = N(0,b) = b?, thus a = (b+a+1)? € KY. Since L generates K as a
ring, this implies K = K.

Next we show that (c) follows from (a). If a,b € L with a # 0,b # 0,b #
a'*? then (a,b) = — ~ (0,7)+ ~ (0,s) with s = (%)97177“ =a+s.

Finally we show that (c) implies (e). We only have to show that if (a,b) =
— ~ (0,7)+ ~ (0,s) with r,s # 0,7 # s, then there is a ¢ € L with pp) =
0,c)- One has (a,b) = (r + s, (r + s)s” and thus N(a,b) = (r + s)*7 + (r +
250 1 s2(r 4 8)% = (12 + 82)r0 £ 1952 4 s2H0 = 20 | G240 — (140 4 (140)0
(0,r1+0 + 51-‘,—9). 0

Z2 =
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